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Part 1 - Structural Dynamics — The Basics

Chapter 1

Introduction to Structural Dynamics

The basic goal of structural dynamics is to determine the structural response against a dynamic loading
(excitation). The term response is used in a general sense to include any response quantity, such as
displacement, velocity, or acceleration of the mass; also, an internal force or internal stress in the
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Figure 1-1: The fundamental objective of structural dynamics

1.1. Classification of Dynamic Loading

The term “dynamic” may be defined simply as time-varying; thus a dynamic load is any load of which its
magnitude, direction, and/or position varies with time. Similarly, the structural response to a dynamic load,
i.e., the resulting stresses and deflections, is also time-varying, or dynamic.

Two basically different approaches are available for evaluating structural response to dynamic loads:
“deterministic” and “nondeterministic”. The choice of method to be used in any given case depends upon
how the loading is defined. If the time variation of loading is fully known, even though it may be highly
oscillatory or irregular in character, it will be referred to herein as a “prescribed dynamic loading”; and the
analysis of the response of any specified structural system to a prescribed dynamic loading is defined as
a “deterministic analysis”. On the other hand, if the time variation is not completely known but can be
defined in a statistical sense, the loading is termed a “random dynamic loading”; and its corresponding
analysis of response is defined as a “nondeterministic or probabilistic analysis”.

In general, structural response to any dynamic loading is expressed basically in terms of the
displacements of the structure. Thus, a deterministic analysis leads directly to displacement time-histories
corresponding to the prescribed loading history; other related response quantities, such as stresses,
strains, internal forces, etc., are usually obtained as a secondary phase of the analysis. On the other
hand, a nondeterministic analysis provides only statistical information about the displacements resulting
from the statistically defined loading; corresponding information on the related response quantities are
then generated using independent nondeterministic analysis procedures (Clough and Penzien (2003)
Dynamics of Structures, 3™ Edition).

Introduction to Structural Dynamics 6
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Figure 1-2: The deterministic vs. probabilistic load
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Figure 1-3: The periodic vs. non-periodic load
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Figure 1-4: Characteristics and sources of typical dynamic loadings: (a) simple harmonic; (b) complex;
(c) impulsive; (d) long-duration. (Clough and Penzien (2003) Dynamics of Structures, 3rd Edition).

1.2. The Fundamental Relationships in Static Structural
Analysis

There are six basic concepts that lie at the foundation of theories governing the behavior of structures,
from analysis to design.

e |Loads and Load Effects

e Actions

e Deformations
e Strains

e Stresses

e Stress-Resultants

Loads are the actual physical excitations that may act on the structure e.g. gravity, wind pressure,
dynamic inertial effects and retention of liquid., Loads and its effects can lead to actions, (which are

Introduction to Structural Dynamics 8
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basically the idealized forces acting on the members) e.g. bending moment, shear force etc. Actions can
lead to deformations, which again are idealized into various components such as rotation, shortening, and
shearing angle Deformations cause strains which are basically normalized deformation at the cross-
section material or fiber level. Strains may lead to stresses in material fibers, which generally have a
correspondence with the strain through material stress-strain model. The stresses can be summed up in
any particular manner to determine the internal stress resultants.

In general, for a structure to be in static or dynamic equilibrium, the internal stress resultants should be in
equilibrium with the actions due to loads. An alternative way of looking at the same linkage is that the
actions cause stresses in the member cross-sections. These stresses cause strains, which can be
summed-up to determine deformations. So the relationships between actions, deformations, strains, and
stresses can be used in many ways to solve the particular problems at hand. Figure 1-5 illustrates this
whole process starting from loads and ending on stress resultants.

Obtained from
analysis

Stiffness

4
\ 4

A

Factor of Safty (FOS)

Integration Material Model
? i
Stress : :

Resultants Strain

Stresses

Figure 1-5: The basic relationships in structural analysis and design

A brief description of the relationship between these quantities is given here, without the explicit
mathematical formulations that are adequately covered in many texts on structural theory and analysis.

a) Action-Deformation Relationship: Defining an action-deformation relationship means linking
the deformations produced in a member due to applied actions or linking the restraining actions
with applied deformations. These relationships involve the entire stiffness of the member and may
be either linear or nonlinear. One action can produce more than one deformation and one
deformation may be caused by more than one action.

b) Deformation-Strain Relationship: Deformation-Strain relationship means linking deformations
with corresponding strains. Each deformation produces a particular strain pattern or profile on the
cross-section. A particular strain may be result of several deformations. For example, axial strain
may be produced due to axial deformation as well as flexural curvature. This relationship is
defined primarily by the cross-section’s stiffness and may be linear or nonlinear.

c) Stress-Strain Relationship: Stress-Strain relationship means linking strain to corresponding
stress. Generally, this relationship is used at material level, indicating material stiffness and its

Introduction to Structural Dynamics 9
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d)

1.2.1.

behavior. For example, Hooke’s Law describes the stress-strain relationship for a linear elastic
material but in general, this relationship is nonlinear for most materials.

Stress Resultant-Action Relationship: This last relationship is the expression of equilibrium
and completes the cycle of all relationships. In fact, this relationship is the basis for strength
design of structural members, which states that “the internal stress resultants should be in
equilibrium with external actions with adequate margin for safety”.

The Concept of Stiffness

Let us consider a structure subjected to an arbitrary force (F). This force will produce an arbitrary
deformation u. If we compare the structure to a simple elastic spring (Figure 1-6), a simple linear
relationship between the force and deformation exists. This linear dependence is the “stiffness” which is
the resistance to its deformation.

Loads (F) s==p ==y Deformations (u)

., K (Stiffness)

Equilibrium Equation —>» F=Ku

Figure 1-6: The conceptual state of equilibrium and role of stiffness

In a real structure, this resistance or stiffness comes from four sources, as shown in Figure 1-7:

a)

b)
c)

d)

Global Structure Stiffness: It is the overall resistance of the structures to overall loads and is
derived from the sum of stiffness of its members, their connectivity and the boundary or the
restraining conditions.

Member Stiffness: Itis the resistance of each member to local actions and is derived from the
cross-section stiffness and the geometry of the member.

Cross-section Stiffness: It is the resistance of the cross-section to overall strains and is derived
from the cross-section geometry and the stiffness of the materials from which it is made.

Material Stiffness: It is the resistance of the material to strain and is derived from the stiffness of
the material particles.

For linear elastic discrete models, the stiffness is a constant, represented by the slope of linear
relationship between an “action” and the corresponding “deformation”. Table 1 shows the examples of
action-deformation relationships at all four levels.

Introduction to Structural Dynamics 10
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Table 1: Action-deformation relationships

Example of an action-deformation | Stiffness relating the action with
Sr. No. | Level . . . :
relationship corresponding deformation
1 Material Level Stress-strain relationship Elastic Modulus (E)
Cross-section . . .
2 Level Moment-curvature relationship Flexural Stiffness (EI)
3 Member Level Moment-rotation relationship Member Flexural Stiffness (EI/L)
Total base reaction force-roof Structural Global Stiffness Matrix
4 Structural Level .
displacement (K)
Material Stiffness B Material Properties
B Cross-Section Geometry

Y

Section Stiffness

Y

Member Stiffness

Y

Figure 1-7: The overall stiffness of the structure is derived from the geometry and connectivity of
the members and their stiffness. The member stiffness is derived from the cross-section stiffness,
and member geometry. The cross-section stiffness is derived from the material stiffness and the
cross-section geometry.

P E— Member Geometry

— Structure Geometry

The simplest form of Hook’s law (F = Ku) can be generalized to include several deformations, several
actions and several stiffness relationships and represented in a matrix form. It then becomes the basis of
the “Stiffness Matrix Method” of structural analysis and more generally, the “Finite Element Method”.

1.2.2. The Nonlinearity of Response and Stiffness

The equilibrium equation, F = Ku is based on the assumption that the relationship between the force
and deformation is linear and infinite. That means, a very large force can produce a corresponding very
large displacement and an infinite force can produce an infinite displacement. The equation also suggests
that if the force is decreased, the deformation will reduce and zero force will return the structure to the
original un-deformed state, and that a negative force will produce exactly same negative displacement as

Introduction to Structural Dynamics 11
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in positive direction. However, in reality, almost none of these assumptions or behaviors are true. The
relationship between force and displacement for a real structure can be highly nonlinear and inelastic with
no single value of stiffness describing its behavior (Figure 1-8). In such cases, the stiffness varies at
different states of deformation throughout the loading history. The complete equilibrium condition and
corresponding equation should reflect not only the nonlinear and inelastic behavior, but also the effect of
force being applied fast enough to produce deformation with velocity and acceleration so that the total
equilibrium should include effect of inertia and damping.

Force (F)

A .
Ultimate ==
Strength Ductile Limit

Strain Hardening —
/ Strength Loss

First Yield — ~]

Initial Stiffness Residual
; Strength

>

/ Deformation (D)

Figure 1-8: A typical relationship between force and deformation. This may also hold for
relationship between stress and strain

Figure 1-9 shows all possible states of equilibrium for a structure whereas Figure 1-10 shows the
nonlinearity inherent in various stages of stiffness contribution.

Structure

Excitation — e A ===p  Responses

o Static « Elastic o Linear
» Dynamic o Inelastic o Nonlinear

Eigth types of equilibrium equations are possible

Figure 1-9: The equilibrium conditions for a typical structural system
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Figure 1-10: The nonlinear nature of stiffness and the role of nonlinear cross-sectional response

1.3. The Concept of Degree of Freedom (DOF)

Although it is possible to conceive situations where deformation can occur without external actions (such
as thermal variation) generally, an external action (a generalized force, moment, or torque) is needed to
produce deformation in a structural member. If the actions can be generalized in terms of their
components, we can say that in general, those actions components produce corresponding deformation
components. If we assume that the materials are behaving linearly and elastically, we can end up with a
simple spring representation for each deformation component. That is, the action (F) and deformation (u)
in a particular sense are proportional and related to each other by the corresponding stiffness.

Consider, for example, the cross-section of a beam member (broadly defined as a structural component
having one dimension significantly larger than the other two) shown in Figure 1-11. The longer dimension
becomes the member axis, and the dimensions in the plane perpendicular to the longitudinal axis define
the cross-section. The cross-section exposes the materials used in the member.

For a member placed in a general three-dimensional space, each point in a member can move in an
infinite number of ways. However, if the cross-section is assumed to be rigid in its own plane, all these
movements can be completely defined in terms of seven idealized directions, referred to as the degrees
of freedom (DOF) at each section on the centerline of the member, with respect to three orthogonal axes.

Using the right hand rule, if we orient the axis system as shown in the Figure 1-11, these degrees of
freedom become:

e Movement along the member axis, u:

e Movement along the x- axis, ux

e Movement along the y-axis, uy

e Rotation about the longitudinal axis, r;

¢ Rotation about the x-axis, rx

¢ Rotation about the y-axis, ry

e Out-of-plane movement (distortion) of the cross-section’s points along the longitudinal axis, w:

Introduction to Structural Dynamics 13
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.
i

Cross-Section

Figure 1-11: Degrees of freedom. Each Section on a beam member can have seven Degrees of
Freedom (DOF) with respect to its local axis

In short, the number of independent coordinates necessary to specify the configuration or position of
a system at any time is referred to as the number of degrees of freedom. In general, a continuous
structure has an infinite number of degrees of freedom. Nevertheless, the process of idealization or
selection of an appropriate mathematical model permits the reduction in the number of degrees of
freedom to a discrete number and in some cases to just a single degree of freedom.

It is important to note that in the above definitions, the cross-section is assumed to be rigid in its own
plane. That means the dimensions and shape of the cross-section before and after deformation remain
the same. This assumption is mostly true for solid sections. For thin walled sections and for large box
girders, the section may distort in its own plane and some additional considerations may be needed to
evaluate its behavior. It is also generally assumed that the member centerline passes through the
geometric (or the plastic) centroid of the cross-section. This assumption is generally true for members
having length more than at least five times the average size of the cross-section.

1.3.1. Degrees of Freedom, Deformations, Strains and Stresses

Each degree of freedom at the cross-section centroid is associated with a corresponding deformation in
the member. Each deformation in the member produces a corresponding strain profile in the cross-
section. Each strain profile generally produces a corresponding stress profile in the cross-section
material(s). These relationships are shown below.

Uz — Axial deformation — Axial strain — Axial stress

Ux — Shear deformation — Shear strain — Shear stress

Uy — Shear deformation — Shear strain — Shear stress

rz — Torsion — Shear strain — Shear stress (may also produce axial stresses and strains)
ry — Curvature — Axial strain — Axial stress (may also produce shear strains)

Introduction to Structural Dynamics 14
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Ix — Curvature — Axial strain — Axial stress (may also produce shear stresses and strains)

Wz — Warping — Axial strain — Axial stress (may also produce shear strains)

Sometimes one DOF may be related to more than one stress and strain component. In some cases,
strain may not produce any stress, such as the unrestrained thermal expansion or free shrinkage
produces elongation and corresponding strains, but does not result in any stresses in the cross-section’s
material.

“Each deformation may produce more than one strain and stress component and each stress component
may be produced by more than one deformation.”

1.3.2. Internal Stress Resultants and Degrees of Freedom

Material stresses in the cross-section (or stress components along the reference axes) can be summed
up to obtain the total resultants. These stress resultants (as shown in Figure 1-12), when determined with
respect to the member axes and the corresponding degrees of freedom at the cross-section centroid can
provide useful information related to the “capacity” of the cross-section.

Figure 1-12: Stress resultants and degrees of freedom

1.4. Different Forms of Linear Stiffness Relationships

Consider a single beam-type member with six degrees of freedom at each end (ignoring warping). Two
different types of action-deformation relationships can be derived for this example. In the first case, the
total deformations in a particular degree of freedom can be computed from all actions that contribute
towards this deformation, assuming that all non-participating DOFs are locked. The second type of
relationships can be used to compute the restraining actions needed to prevent deformations in all
contributing DOFs, while all other DOFs are assumed to be locked. These two approaches are the basis
of the Flexibility and Stiffness Matrix, (or Force and Displacement Methods) for structural analysis,
respectively.

Introduction to Structural Dynamics 15
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1.4.1. Deformations for Applied Actions: Flexibility Relationships

For linear elastic elements, it is possible to develop first type of relationships (relating the applied actions
with corresponding degree-of-freedom deformations) using principles of mechanics of materials. All we
need to know is the stiffness quantity relating each action-deformation pair. For a simple beam element
with applied actions on its right end (and assuming the left end fully restrained), the three possible actions
are shown in Figure 1-13. These are the axial load (P), shear force (V) and bending moment (M),
corresponding to three assumed degrees of freedom on its right end. Table 1-1 shows the deformations
in this beam member for few cases of applied actions.

5

Figure 1-13: Three possible “actions” corresponding to deformations on three DOFs on right end

Table 1-2: Some linear elastic flexibility relationships for a simple beam element

Case lllustration Flexibility Relationships
Axial deformation A under B 1 p A_PL
lateral force P AE
‘/
~ - E
Vertical deformation “5” 7 - 3El
and rotation “a” under S
: » o
vertical force “V” only VL2
L a =
2El
B ML?
Vertical displacement “5” 2El
and rotation “a” under
Moment (M) only ML
o=—
El

Vertical displacement “6”
and rotation “a” under
combined shear force (V)

and Moment (M)

Introduction to Structural Dynamics
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The rotation along the
member () due to torque
(T) applied at the ends,
excluding the effect of
warping

It is important to note that in all flexibility relationships, actions are related to deformations by various
cross-sectional properties (e.g. A, | and J), material properties (e.g. G and E) and length of member (L).

1.4.2. Restraining Actions for Assumed Deformations: Stiffness Relationships

For the derivation and development of the stiffness matrix and finite element methods for structural
analysis, it is often convenient to develop second type of relationships (involving assumed deformations
and the restraining actions needed to “prevent’ that deformation). These are actually inverse of the
relationships that are used to compute deformations for applied actions. For the same example beam
element, the restraining actions against assumed deformations for few common cases are shown in table
1-2.

Table 1-3: Some restraining actions related by corresponding deformations through linear elastic stiffness

Actions for assumed

Case deformations: Stiffness
relationships
. . . EA
Axial force P due to axial deformation A P= _
Shear force V at the restraining end for V- 12E1 6EI
deflection “v” and rotation “a” at the other end NE v 12 ¢
Moment M at the restraining end for deflection M = 6EI v 4E1 o
“v” and rotation “a” at the other end e L
. . . GJ
Restraining torque T due to axial rotation T =T0

1.5. Static vs. Dynamic Problems

A structural dynamic problem differs from its static loading counterpart in two important respects.

The first difference to be noted, by definition, is the time-varying nature of the dynamic problem. Because
both loading and response vary with time, it is evident that a dynamic problem does not have a single
solution, as a static problem does; instead the analyst must establish a succession of solutions
corresponding to all times of interest in the response history. Thus a dynamic analysis is clearly more
complex and time consuming than a static analysis.

Introduction to Structural Dynamics 17
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The second and more fundamental distinction between static and dynamic problems is the occurrence of
inertial forces due to non-zero accelerations in dynamic problems. For example, if a simple beam is
subjected to a static load p, its internal moments and shears and deflected shape depend only upon this
load and they can be computed by established principles of force equilibrium (Figure 1-14(a)). On the
other hand, if the load p(t) is applied dynamically, the resulting displacements of the beam depend not
only upon this load but also upon inertial forces which oppose the accelerations producing them (Figure
1-14(b)). Thus the corresponding internal moments and shears in the beam must equilibrate not only the
externally applied force p(t) but also the inertial forces resulting from the accelerations of the beam.

p ‘p(t)

Y — o N _&_\’\ij\}_[_tj‘/t)/_é—

Inertial forces

(a) (b)

Figure 1-14: Basic difference between static and dynamic loads: (a) static loading; (b) dynamic loading.
(Taken from Chopra (2012) Dynamics of Structures, 4" Edition)

Inertial forces which resist accelerations of the structure in this way are the most important distinguishing
characteristic of a structural dynamics problem. In general, if the inertial forces represent a significant
portion of the total load equilibrated by the internal elastic forces of the structure, then the dynamic
character of the problem must be accounted for in its solution. On the other hand, if the motions are so
slow that the inertial forces are negligibly small, the analysis of response for any desired instant of time
may be made by static structural analysis procedures even though the load and response may be time-
varying.

1.6. Classification of Structural Models

A structural model is a mathematical description of physical structure. It provides the link between the real
physical system and the mathematically feasible solution. It is the symbolic designation for the substitute
idealized system including all the assumptions imposed on the physical problem.

Introduction to Structural Dynamics 18
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Figure 1-15: Continuous vs. discrete structural models

1.7. Discretization of Structures

The mass of a real structural component (say a beam) is distributed continuously along its length, the
displacements and accelerations must be defined for each point along the axis if the inertial forces are to
be completely defined. In this case, the analysis must be formulated in terms of partial differential
equations because position along the span as well as time must be taken as independent variables.
However, the analytical problem is greatly simplified by discretizing the structure by any of the ways
explained below.

1.7.1. Lumped Mass Procedure

In lumped mass procedure, the mass of the structure is assumed to be concentrated at discrete points.
The analytical solution becomes greatly simplified because inertial forces develop only at these mass
points. In this case, it is necessary to define the displacements and accelerations only at these discrete
locations.

Introduction to Structural Dynamics 19
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Figure 1-16: Lumped-mass idealization of a simple beam. (Taken from Chopra (2012) Dynamics of
Structures, 4" Edition)

(&)

If the three masses in the system of Figure 1-16 are fully concentrated and are constrained so that the
corresponding mass points translate only in a vertical direction, this would be called a three-degree-of-
freedom (3 DOF) system. On the other hand, if these masses are not fully concentrated so that they
possess finite rotational inertia, the rotational displacements of the three points will also have to be
considered, in which case the system has 6 DOF. If axial distortions of the beam are significant,
translation displacements parallel with the beam axis will also result giving the system 9 DOF.

More generally, if the structure can deform in three-dimensional space, each mass will have 6 DOF; then
the system will have 18 DOF. However, if the masses are fully concentrated so that no rotational inertia is
present, the three-dimensional system will then have 9 DOF. On the basis of these considerations, it is
clear that a system with continuously distributed mass has an infinite number of degrees of freedom.

1.7.2. Generalized Displacement Procedure

The lumped-mass idealization described above provides a simple means of limiting the number of
degrees of freedom that must be considered in conducting a dynamic analysis of an arbitrary structural
system. The lumping procedure is most effective in treating systems in which a large proportion of the
total mass actually is concentrated at a few discrete points. Then the mass of the structure which
supports these concentrations can be included in the lumps, allowing the structure itself to be considered
weightless.

However, in cases where the mass of the system is quite uniformly distributed throughout, an alternative
approach to limiting the number of degrees of freedom may be preferable. This procedure is based on the
assumption that the deflected shape of the structure can be expressed as the sum of a series of specified
displacement patterns; these patterns then become the displacement coordinates of the structure. A
simple example of this approach is the trigonometric-series representation of the deflection of a simple
beam. In this case, the deflection shape may be expressed as the sum of independent sine-wave
contributions, as shown in Figure 1-17, or in mathematical form,

o b
v(x) = Z nznx

n=1

In general, any arbitrary shape compatible with the prescribed support conditions of the simple beam can
be represented by this infinite series of sine-wave components. The amplitudes of the sine-wave shapes
may be considered to be the displacement coordinates of the system, and the infinite number of degrees
of freedom of the actual beam are represented by the infinite number of terms included in the series. The
advantage of this approach is that a good approximation to the actual beam shape can be achieved by a
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truncated series of sine-wave components; thus a 3 DOF approximation would contain only three terms in
the series, etc.
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Figure 1-17: Sine-series representation of simple beam deflection. (Taken from Chopra (2012) Dynamics
of Structures, 4™ Edition)

This concept can be further generalized by recognizing that the sine-wave shapes used as the assumed
displacement patterns were an arbitrary choice in this example. In general, any shapes g n (x) which are
compatible with the prescribed geometric-support conditions and which maintain the necessary continuity
of internal displacements may be assumed. Thus a generalized expression for the displacements of any
one-dimensional structure might be written

V) = ) Zyth ()

For any assumed set of displacement functions y(x), the resulting shape of the structure depends upon
the amplitude terms Z n , which will be referred to as generalized coordinates. The number of assumed
shape patterns represents the number of degrees of freedom considered in this form of idealization. In
general, better accuracy can be achieved in a dynamic analysis for a given number of degrees of freedom
by using the shape-function method of idealization rather than the lumped-mass approach. However, it
also should be recognized that greater computational effort is required for each degree of freedom when
such generalized coordinates are employed. (Taken from Chopra (2012) Dynamics of Structures, 4™
Edition)
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1.7.3. Finite Element Concept

A third method of expressing the displacements of any given structure in terms of a finite number of
discrete displacement coordinates, which combines certain features of both the lumped-mass and the
generalized-coordinate procedures, has now become popular. This approach, which is the basis of the
finite-element method of analysis of structural continua, provides a convenient and reliable idealization of
the system and is particularly effective in digital-computer analyses.

The finite-element type of idealization is applicable to structures of all types: framed structures, which
comprise assemblages of one-dimensional members (beams, columns, etc.); plane-stress, plate- and
shell-type structures, which are made up of two-dimensional components; and general three-dimensional
solids. For simplicity, only the one-dimensional type of structural components will be considered in the
present discussion, but the extension of the concept to two- and three-dimensional structural elements is
straightforward.

The first step in the finite-element idealization of any structure, e.g., the beam shown in Figure 1-18,
involves dividing it into an appropriate number of segments, or elements, as shown. Their sizes are
arbitrary; i.e., they may be all of the same size or all different. The ends of the segments, at which they
are interconnected, are called nodal points. The displacements of these nodal points then become the
generalized coordinates of the structure.

O

E
IS
©
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I

Figure 1-18: Typical finite-element beam coordinates. (Taken from Chopra (2012) Dynamics of
Structures, 4" Edition)

The deflection shape of the complete structure can now be expressed in terms of these generalized
coordinates by means of an appropriate set of assumed displacement functions using an expression
similar to Eg. (1-2). In this case, however, the displacement functions are called interpolation functions
because they define the shapes produced by specified nodal displacements. For example, Figure 1-18
shows the interpolation functions associated with two degrees of freedom of nodal point 3, which produce
transverse displacements in the plane of the figure. In principle, each interpolation function could be any
curve which is internally continuous and which satisfies the geometric displacement condition imposed by
the nodal displacement. For one-dimensional elements it is convenient to use the shapes which would be
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produced by these same nodal displacements in a uniform beam. It will be shown later in Chapter 10 that
these interpolation functions are cubic hermitian polynomials.

Because the interpolation functions used in this procedure satisfy the requirements stated in the
preceding section, it should be apparent that coordinates used in the finite-element method are just
special forms of generalized coordinates. The advantages of this special procedure are as follows:

a) The desired number of generalized coordinates can be introduced merely by dividing the structure
into an appropriate number of segments.

b) Since the interpolation functions chosen for each segment may be identical, computations are
simplified.

c) The equations which are developed by this approach are largely uncoupled because each nodal
displacement affects only the neighboring elements; thus the solution process is greatly simplified.

In general, the finite-element approach provides the most efficient procedure for expressing the
displacements of arbitrary structural configurations by means of a discrete set of coordinates. (Taken from
Chopra (2012) Dynamics of Structures, 4" Edition)
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Figure 1-19: Three methods of discretization
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(b) An idealized model of simple structures subjected to a dynamic excitation

Figure 1-20: Lumped mass and lumped stiffness idealization of a simple structure

1.8. Equations of Motion

The mathematical expressions defining the dynamic displacements are called the equations of motion of
the structure, and the solution of these equations of motion provides the required displacement time
histories. The formulation of the governing equations of motion is possibly the most important phase of
the entire analysis procedure (and sometimes also the most difficult phase).

There are three ways to formulate the equations of motion.

a) Direct dynamic equilibration
b) Principle of virtual work
c) \Variational Approach, Lagrange’s equations (Hamilton’s principle)

1.8.1. Direct Equilibrium using D'Alembert’s Principle

Consider a system of dynamic forced applied to a mass m as shown in Figure 1-21.
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Figure 1-21: A mass m subjected to a system of dynamic forces
f1. f2. f3 are applied forces vectors. a is the acceleration of particle mass m.

Newton’s 2" law states that, “The rate of change of momentum of any mass m is equal to the force acting
on it”. Therfore,

d dr(t) d’r
f1(@) + f2(0) + f3(0) =E<m' It > =m_z=ma

D’Alembert’s concept states that “A mass develops an inertia force in proportion to its acceleration and
opposing it”. Therfore,

f1@®) +f2(0) + f3@®) + f1(&) =0 where fi(t) = —ma(t)

ZF(t) =0

All dynamic forces are in equilibrium— Dynamic Equilibrium (including inertia force)

This is a very convenient concept structure dynamics because its permits equations of motion to be
expressed as of as “equations of dynamic equilibrium”.

1.8.2. Principle of Virtual Work

If the structural system is reasonably complex involving a number of interconnected mass points or
bodies of finite size, the direct equilibration of all the forces acting in the system may be difficult.
Frequently, the various forces involved may readily be expressed in terms of the displacement degrees of
freedom, but their equilibrium relationships may be obscure. In this case, the principle of virtual
displacements can be used to formulate the equations of motion as a substitute for the direct equilibrium
relationships.

The principle of virtual displacements may be expressed as follows. If a system which is in equilibrium
under the action of a set of externally applied forces is subjected to a virtual displacement, i.e., a
displacement pattern compatible with the system’s constraints, the total work done by the set of forces will
be zero. The statement can be written as,

“For a deformable body in equilibrium under a set of forces and moments, the sum of virtual work (internal
and external) is zero. Virtual work is the work done by forces and moments under virtual displacements.”
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st:o

With this principle, it is clear that the vanishing of the work done during a virtual displacement is
equivalent to a statement of equilibrium. Thus, the response equations of a dynamic system can be
established by first identifying all the forces acting on the masses of the system, including inertial forces
defined in accordance with D’Alembert’s principle. Then, the equations of motion are obtained by
separately introducing a virtual displacement pattern corresponding to each degree of freedom and
equating the work done to zero. A major advantage of this approach is that the virtual work contributions
are scalar quantities and can be added algebraically, whereas the forces acting on the structure are
vectorial and can only be superposed vectorially. (Clough and Penzien (2003) Dynamics of Structures, 3™
Edition).

1.8.3. Vriational Approach

Another means of avoiding the problems of establishing the vectorial equations of equilibrium is to make
use of scalar quantities in a variational form known as Hamilton’s principle. Inertial and elastic forces are
not explicitly involved in this principle; instead, variations of kinetic and potential energy terms are utilized.
This formulation has the advantage of dealing only with purely scalar energy quantities, whereas the
forces and displacements used to represent corresponding effects in the virtuabwork procedure are all
vectorial in character, even though the work terms themselves are scalars.

It is of interest to note that Hamilton’s principle can also be applied to statics problems. In this case, it
reduces to the well-known principle of minimum potential energy so widely used in static analyses.

Note:

The equation of motion of a dynamic system can be formulated by any one of three distinct procedures.
The most straightforward approach is to establish directly the dynamic equilibrium of all forces acting in
the system, taking account of inertial effects by means of d’Alembert’s principle. In more complex
systems, however, especially those involving mass and elasticity distributed over finite regions, a direct
vectorial equilibration may be difficult, and work or energy formulations which involve only scalar
guantities may be more convenient. The most direct of these procedures is based on the principle of
virtual displacements, in which the forces acting on the system are evaluated explicitly but the equations
of motion are derived by consideration of the work done during appropriate virtual displacements.

On the other hand, the alternative energy formulation, which is based on Hamilton’s principle, makes no
direct use of the inertial or conservative forces acting in the system; the effects of these forces are
represented instead by variations of the kinetic and potential energies of the system. It must be
recognized that all three procedures are completely equivalent and lead to identical equations of motion.
The method to be used in any given case is largely a matter of convenience and personal preference; the
choice generally will depend on the nature of the dynamic system under consideration. (Clough and
Penzien (2003) Dynamics of Structures, 3™ Edition).

1.9. Components of a Discrete Dynamic System

If the roof of a simple structure is displaced laterally by a distance u, and then released, the idealized
structure will oscillate around its initial equilibrium configuration as shown in the Figure 1-21. The
displacement history shows the amplitude of roof displacement as a function of time.
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Figure 1-21: The oscillation of a structure with amplitude u,
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Figure 1-22: (a) Idealized pergola; (b) idealized water tank; (c) free vibration due to initial displacement.
(Taken from Chopra (2012) Dynamics of Structures, 4" Edition)

Figure 1-22 also shows an example of an idealized pergola and an idealized water tank. The
displacement history (Figure 1-22 (c)) shows the amplitude of free vibration due to initial displacement as
a function of time (Taken from Chopra (2012) Dynamics of Structures, 4th Edition).
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The oscillation in these examples will continue with the same amplitude u, and the idealized structure will
never come to rest. This is an unrealistic response because the actual structure will oscillate with
decreasing amplitude and will eventually come to rest.

To incorporate this feature into the idealized structure, an energy dissipating mechanism is required.
Therefore, an energy absorbing element is introduced in the idealized structure which is called the
viscous damping element (denoted by a dashpot). Hence, a dynamic system has three important
components, as discussed below.

Lateral

Stiffness /

=K .//

viscous DAMPER, /

[ COEFFICIENT C
(g ////. (A iiiriZy

Figure 1-23: The functional elements of a simple (discrete parameter) dynamic system. Many basic

concepts in structural dynamics can be understood by studying this simple structure (also sometimes

called a single-degree-of-freedom system)

1.9.1. Mass and Inertial Force
D’Alembert’s principle states that the mass develops an “inertial force” proportional to its acceleration in

an opposing direction (F = ma).

Similarly, Newton;s 2" law states that the rate of change of momentum of mass is equal to the force
acting on it.

ou . L .
Where ma—lz is the momentum. Therefore, the mass of the structure and the resulting inertial force (f;) is

an essential component of a dynamic system.

fi = mii
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Figure 1-24: Component 1 - The mass and inertial force
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1.9.2. Lateral Stiffness and Elastic Restoring Force

The elastic lateral stiffness of a structure (k) and the resulting elastic restoring force (f;) is another

important component of a dynamic system. For static analysis, only this component is considered. The
lateral stiffness is generally modeled as a “spring”.

fs =ku

The area under the graphical relationship between elastic force f; and the structure’s displacement u is a
measure of the elastic potential energy (E) stored in the structure.
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Figure 1-25: Component 2 - The elastic stiffness and elastic restoring force

Sometimes it is necessary to determine the equivalent spring constant for a system in which two or more
springs are arranged in parallel as shown in Figure 1-26 (a) or in series as in Figure 1-26 (b).

k?
y AN —— Ok
7 k3 é._, y= Ay +Ay.
4 1_1,1
4 ke kl k2

(a) {b)

Figure 1-26: Combination of springs. (a) Springs in parallel. (b) Springs in series. (Mario Paz (2003)
Structural Dynamics: Theory and Computation, 5" Edition)

For two springs in parallel the total force required to produce a relative displacement of their ends of one
unit is equal to the sum of their spring constants. This total force is by definition the equivalent spring
constant k., and is given by

ke =k + k,
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In general for n springs in parallel,
n
k, = z k;
i=1
For two springs assembled in series as shown in Figure 1-26 (b), the force p produces the relative
displacements in the springs,

Ay, = p/k, and Ay, = p/k,

Then, the total displacement y of the free end of the spring assembly is equal to y = Ay1 + Ay, or
substituting Ay, and Ay,,

y=p/ki +p/k,

Consequently, the force necessary to produce one unit displacement (equivalent spring constant) is given
by

ke=p/y

Substituting y from this last relation into above equation, we may conveniently express the reciprocal
value of the equivalent spring constant as

1_1 .1
k, ki k;

In general, for n springs in series the equivalent spring constant may be obtained from,

1 _21
ke_. ki

n
i=1
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Figure 1-27: (a) A portal frame subjected to an external force f;, (b) The resisting force would be equal
and in opposite direction to f;, (c) A nonlinear relation between restoring force and displacement, and (d)
A linear relationship between lateral restoring force and displacement (Taken from Chopra (2012)
Dynamics of Structures, 4" Edition)

Note: Shear Behavior vs. Flexural Behavior of Frame:

Consider the frame of with bay width L, height h, elastic modulus E, and second moment of the cross-

sectional area (or moment of inertia) about the axis of bending = I, and I, for the beam and columns,
respectively; the columns are clamped (or fixed) at the base. The lateral stiffness of the frame can readily

be determined for two extreme cases: If the beam is rigid [i.e., flexural rigidity E I, = oo

12EI, 24EI,
ko= Z TEER

Columns

On the other hand, for a beam with no stiffness [i.e., EI, = 0]

o 3El. _ 6EI,
- “h3 T K3

Columns

Observe that for the two extreme values of beam stiffness, the lateral stiffness of the frame is
independent of L, the beam length or bay width. The lateral stiffness of the frame with an intermediate,
realistic stiffness of the beam can be calculated by standard procedures of static structural analysis. The
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stiffness matrix of the frame is formulated with respect to three DOFs: the lateral displacement u and the
rotations of the two beam—column joints. By static condensation or elimination of the rotational DOFs, the
lateral force—displacement relation F = ku is determined.

u u
EI, El, = oo == EL, =0 g
fs ~Js fs
h

7 % A 7. 4
it L {
T T

(a) (b) (c)

Figure 1-28: A portal frame subjected to lateral force f;, (b) An extreme case when the beam is rigid, i.e.
having infinite stiffness, and (c) Another extreme case when beam has zero stiffness (Taken from Chopra
(2012) Dynamics of Structures, 4™ Edition)
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Figure 1-29: Variation of lateral stiffness, k, with beam-to-column stiffness ratio, p. (Taken from Chopra
(2012) Dynamics of Structures, 4™ Edition)

If shear deformations in elements are neglected, the result can be written in the form

_ 24El; 12p +1
T h3 12p+4

where p = (El,/L) = (2EI./h) is the beam-to-column stiffness ratio. The lateral stiffness is plotted as a
function of p in Figure 1-29; it increases by a factor of 4 as p increases from zero to infinity.

1.9.3. Energy Dissipating Mechanism and Damping Force

The process by which vibration steadily diminishes in amplitude is called damping. The kinetic energy and
strain energy of the vibrating system are dissipated by various damping mechanisms that we shall
mention later. For the moment, we simply recognize that an energy-dissipating mechanism should be
included in the structural idealization in order to incorporate the feature of decaying motion observed
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during free vibration tests of a structure. The most commonly used damping element is the viscous
damper, in part because it is the simplest to deal with mathematically.
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Figure 1-30: Component 3 - The energy dissipating mechanism and damping force

As mentioned earlier, the process by which free vibration steadily diminishes in amplitude is called
damping. In damping, the energy of the vibrating system is dissipated by various mechanisms, and often
more than one mechanism may be present at the same time. In simple “clean” systems such as the
laboratory models of Figure 1-31, most of the energy dissipation presumably arises from the thermal
effect of repeated elastic straining of the material and from the internal friction when a solid is deformed.
In actual structures, however, many other mechanisms also contribute to the energy dissipation. In a
vibrating building these include friction at steel connections, opening and closing of micro-cracks in
concrete, and friction between the structure itself and nonstructural elements such as partition walls. It
seems impossible to identify or describe mathematically each of these energy-dissipating mechanisms in
an actual building.

As a result, the damping in actual structures is usually represented in a highly idealized manner. For
many purposes the actual damping in a SDF structure can be idealized satisfactorily by a linear viscous
damper or dashpot. The damping coefficient is selected so that the vibrational energy it dissipates is
equivalent to the energy dissipated in all the damping mechanisms, combined, present in the actual
structure. This idealization is therefore called equivalent viscous damping.

Figure 1-31 (a) shows a linear viscous damper subjected to a force f, along the DOF u. The internal
force in the damper is equal and opposite to the external force f;, (Figure 1-31 (b)). The damping force fp
is related to the velocity 1 across the linear viscous damper by

fD - Cll
where the constant c is the viscous damping coefficient; it has units of force x time/length. Unlike the
stiffness of a structure, the damping coefficient cannot be calculated from the dimensions of the structure
and the sizes of the structural elements. This should not be surprising because, as we noted earlier, it is
not feasible to identify all the mechanisms that dissipate vibrational energy of actual structures. Thus
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vibration experiments on actual structures provide the data for evaluating the damping coefficient. These
may be free vibration experiments that lead to data. For example, the measured rate at which motion
decays in free vibration will provide a basis for evaluating the damping coefficient. The damping property
may also be determined from forced vibration experiments.
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Figure 1-31: (a) The assumed damping mechanism in a portal frame, (b) The damping force, and (c)
The linear relationship between f;, and velocity, &t (Taken from Chopra (2012) Dynamics of Structures,
4 Edition)

The equivalent viscous damper is intended to model the energy dissipation at deformation amplitudes
within the linear elastic limit of the overall structure. Over this range of deformations, the damping
coefficient ¢ determined from experiments may vary with the deformation amplitude. This nonlinearity of
the damping property is usually not considered explicitly in dynamic analyses. It may be handled indirectly
by selecting a value for the damping coefficient that is appropriate for the expected deformation
amplitude, usually taken as the deformation associated with the linearly elastic limit of the structure.

Additional energy is dissipated due to inelastic behavior of the structure at larger deformations. Under
cyclic forces or deformations, this behavior implies formation of a force—deformation hysteresis loop
(similar to Figure 1-8). The damping energy dissipated during one deformation cycle between deformation
limits + u, (Figure 1-21) is given by the area within the hysteresis loop abcda (Figure 1-27 (c)). This
energy dissipation is usually not modeled by a viscous damper, especially if the excitation is earthquake
ground motion. Instead, the most common, direct, and accurate approach to account for the energy
dissipation through inelastic behavior is to recognize the inelastic relationship between resisting force and
deformation (such as shown in Figure 1-27 (c)), in solving the equation of motion. Such force—
deformation relationships are obtained from experiments on structures or structural components at slow
rates of deformation, thus excluding any energy dissipation arising from rate-dependent effects. The
usual approach is to model this damping in the inelastic range of deformations by the same viscous
damper that was defined earlier for smaller deformations within the linearly elastic range.
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Chapter 2

Dynamics of Single-Degree-of-Freedom (SDF)
Systems

The essential physical properties of any linearly elastic structural or mechanical system subjected to an
external source of excitation or dynamic loading are its mass, elastic properties (flexibility or stiffness),
and energy-loss mechanism or damping. In the simplest model of a single-degree-of-freedom (SDF)
system, each of these properties is assumed to be concentrated in a single physical element. Figure 2-1
shows some examples of structures that may be represented for dynamic analysis as single-degree-of-
freedom (SDF) systems, that is, structures modeled as systems with a single displacement coordinate.

g%

Figure 2-1: Some examples of structures which can be idealized as a single-degree-of-freedom (SDF)
systems
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These single-degree-of-freedom systems may be described conveniently by the mathematical model
shown in Figure 2-2 which has the following elements: (1) a mass element m representing the mass and
inertial characteristic of the structure; the entire mass m of this system is included in the rigid block which
is constrained by rollers so that it can move only in simple translation; thus, the single displacement
coordinate u(t) completely defines its position. (2) a spring element k representing the lateral elastic
restoring force and potential energy storage of the structure. This element represents the elastic
resistance (provided by the weightless spring of stiffness k) of mass to its displacement, (3) a damping
element ¢ representing the frictional characteristics and energy losses of the structure; and (4) an
excitation force p(t) representing the external applied dynamic force producing the dynamic response of
this system.

[—>U(l) [—VU(I‘)
i
L fp(t) =— £,(0)
m — p(1) <= ——p®
— 00000 — fs(®) =—
k @) Q Q Q
(a) (b)

Figure 2-2: An idealized SDF system: (a) basic components; (b) forces in equilibrium (Clough and
Penzien (2003) Dynamics of Structures, 3™ Edition).

Similarly, consider a simple one-story building (idealized as shown in Figure 2-3) subjected to a dynamic
force p(t). The entire mass m of this building is assumed to be included in the rigid block which is
allowed to move only in simple lateral translation; thus, the single displacement coordinate u(t)
completely defines its position as a function of time.

Therefore, at any instantaneous time, the mass m is under the action of four dynamic forces.

1. External dynamic force: p(t)

2
2. Inertia force: f; (t) = —deI;(t)
3. Elastic force: f;(t) = —ku(t), where k is the lateral stiffness of the two columns combined. The

negative sign means that the forces is always in the opposite direction to the structural deformation

(this is to bring the structure back to its neutral position).

du(t)

e cu(t), where ¢ is the damping coefficient of viscous damper.

4. Damping force: fp(t) = —c
The units of ¢ are forcextime/length). The negative sign means that the damping force is always in

the opposite direction to velocity du/dt, hence it always dissipates energy.
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Figure 2-3: (a) An SDF system; (b) stiffness component; (c) damping component; (d) mass component.

2.1. Equation of Motion
The motion of the idealized one-story structure caused by dynamic excitation is governed by an ordinary
differential equation, called the “equation of motion”. A mentioned in Chapter 1, this equation can be

determined using three approaches.
Let’s first consider the direct equilibrium approach, i.e. the application of D’Alembert’s principle. The sum

of all four forces must be zero.
f[i®)+ fp@®)+fs(O)+ p)=0

Or
d? d
2+ bk =
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The vector can be converted to scalar function by

u(lt) =u.i
du(t) du

e dt '
d’u(t) d*u

=—. i
dt? dt?
p)=p.1i
Both p and u are a function of time. Hence, the equation of motion in scalar form is

d2 d
z d;(t) np Z(tt) +hu(t) = p(t)

This is a second-order linear (ordinary) differential equation. (The equations describing the heat transfer
or liquid flow from a porous medium will be first order ordinary differential equations).

The same equation can also be formulated using the principle of virtual work as follows.

EXAMPLE ¢
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Figure 2-4: The formulation of governing equation of motion for an SDF system using the principle of
virtual work

2.1.1. The Basic Knows and Unknowns

In this governing equation of motion, the basic known quantities are the mass of the system (m), applied
dynamic load p(t), lateral stiffness of the system (k) and the damping coefficient of the system (c).
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The target of structural dynamic is to determine the basic unknown displacement of the system u(t). The
other response quantities (e.g. the response velocity du/dt, response acceleration d?u/dt?, base
shear, overturning moment etc.) can be subsequently derived from u(t).

For example, once the deformation response history u(t) has been evaluated by dynamic analysis of the
structure (i.e., by solving the equation of motion), the element forces—bending moments, shears, and
axial forces—and stresses needed for structural design can be determined by static analysis of the
structure at each instant in time (i.e., no additional dynamic analysis is necessary). This static analysis of
a one-story linearly elastic frame can be visualized in two ways:

1. At each instant, the lateral displacement u is known. The joint rotations can be expressed in terms of
this lateral displacement and hence can be determined. From the known displacement and rotation
of each end of a structural element (beam and column), the element forces (bending moments and
shears) can be determined through the element stiffness properties; and stresses can be obtained

from element forces.
2. The second approach is to introduce the equivalent static force which is a central concept in

earthquake response of structures. At any instant of time ¢ this force fe, is the static (slowly applied)
external force that will produce the deformation u determined by dynamic analysis. Thus

feq = ku

where k is the lateral stiffness of the structure. Alternatively, f,, can be interpreted as the external
force that will produce the same deformation u in the stiffness component of the structure [i.e., the
system without mass or damping] as that determined by dynamic analysis of the structure [i.e., the
system with mass, stiffness, and damping]. Element forces or stresses can be determined at each
time instant by static analysis of the structure subjected to the force f,, determined from f,, = ku.

Note:

U3
The example (idealized one-story) [ E‘
structure in Figure 2-3 is a single-degree- \
of-freedom system because its motion - gy ]
can be completely describe by only one ———?}
scalar function — u(t). A 3-story building !
(as shown below in Figure 2-5) is a three- i I’
degree-of-freedom system because at —7
least 3 response functions ,’
(uqg (t), uy(t), uz(t)) are required to //

completely describe the overall motion of
this structure.

1777777277777 77777777

Figure 2-5: A three-degree-of-freedom system

2.1.2. Equation of Motion for an Earthquake

Consider a case when an SDF system is subjected to a ground displacement u,(t). This represents an
earthquake excitation (i.e. a ground motion assumed to be a one-dimensional lateral motion of ground).
There is no external force applied to this SDF system.
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dug(t) d*ug(t)

Let’s denote the ground displacement, ground velocity and ground acceleration as u, ), o ae

The total displacement at the roof is defined by ut(t), where
ul(t) = ugy(t) + u(t)
There are three dynamic forces acting on the roof mass:

1. Elastic force fg(t) = —ku(t)

cdu(t)

2. Damping force f(t) = — ”

Each of these forces is a function of “relative” motion, and not the absolute (or total) motion. However the

. d?ut
mass undergoes an acceleration of PR
Therefore
3. Inertia force fi(t) = —m%(t) - —m d?ugy(t) . dPu(D)
. I - dt? - dt2 dt?
t
5 u

(a) Idealized structure (b) Free-body diagram
Figure 2-6: One-story structure subjected to earthquake ground motion u, (t)

Applying the D Alembert’s dynamic equilibrium to this case, we get,

dzu(t) du(t) dzug )
a2 +c It + ku(t) =—m gz
In scalar form,
d?u(t)  du(t) d*ug(t)
I +c T + ku(t) = —m—dt2
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This equation of motion is the governing equation of structural deformation u(t), when the structure is
d?ug(t)
dt?

subjected to ground acceleration

The deformation u(t) of the structure due to ground acceleration i, (t) is identical to the deformation
u(t) of the structure if its base were stationary and if it were subjected to an external force Psf(t) =

—miiy ().
& 4T T T m L4
77 F 4 7 77 7 Y 777 T 777
Ll CAEL g b o g ,/,,',,r,;,,,,//.,'H -magct)

identical

——

——

response W(+)

AT s e & v o av & av e

AT A d [ S v S e o

<> Uy " Fixed base

Figure 2-7: One-story building subjected to an earthquake

The negative sign in this effective load definition indicates that the effective force opposes the sense of
the ground acceleration. In practice, this has little significance as the engineer is usually only interested in
the maximum absolute value of u(t); in this case, the minus sign can be removed from the effective
loading term.

If we want to compare how large or damaging an earthquake is, we should compare and check ii,(t) and
not u(t).

For structural design against earthquakes, both the total (or absolute) and the relative values of these
quantities may be needed. The relative displacement u(t) associated with deformations of the structure
is the most important since the internal forces in the structure are directly related to u(t).

2.2. Solution Methods for the Equations of Motion

The equation of motion derived earlier (for a linear SDF system subjected to external force) is the second-
order differential equation. For any given excitation, this equation can be solved to determine all
responses of a system. The initial displacement «(0) and initial velocity ©(0) at time zero must also be
specified to define the problem completely. Typically, the structure is at rest before the onset of any
dynamic excitation, so that the initial velocity and displacement are zero.

The equation of motion derived earlier can be solved using the following four approaches.

2.2.1. Classical Solution

The complete solution of the linear differential equation of motion consists of the sum of the
complementary solution u.(t) and the particular solution u, (t), that is, u(t) = u.(t) + u,(t) . Since the
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differential equation is of second order, two constants of integration are involved. They appear in the
complementary solution and are evaluated from the knowledge of the initial conditions.

2.2.2. Duhamel’s Integral

Another well-known approach to the solution of linear differential equations, such as the equation of
motion of an SDF system, is based on representing the applied force as a sequence of infinitesimally
short impulses. The response of the system to an applied force, p(t), at time t is obtained by adding the
responses to all impulses up to that time.

For an undamped SDF system subjected to an applied dynamic loading p(t), the displacement u(t) can
be determined using the following integral known as Duhamel’s integral. This integral will be derived in a
later topic while determining the the response of an SDF system subjected to a general dynamic loading.

1 t
u(t) = p— f p(7) sinf[w,(t — 1)] dt
0

where w,, = \/k/m. Implicit in this result are “at rest” initial conditions. Duhamel’s integral is a special form
of the convolution integral found in textbooks on differential equations.

Duhamel’s integral provides an alternative method to the classical solution if the applied force p(t) is
defined analytically by a simple function that permits analytical evaluation of the integral. For complex
excitations that are defined only by numerical values of p(t) at discrete time instants, Duhamel’s integral
can be evaluated by numerical methods.

2.2.3. Frequency-Domain Method

The Laplace and Fourier transforms provide powerful tools for the solution of linear differential equations,
in particular the equation of motion for a linear SDF system. Because the two transform methods are
similar in concept, here we mention only the use of Fourier transform, which leads to the frequency-
domain method of dynamic analysis.

The Fourier transform P(w) of the excitation function p(t) is defined by
+00 )
P@) =Flp©) = [ p@e e dr

The Fourier transform U(w) of the solution u(t) of the differential equation is then given by

U(w) = H(w) P(w)
where the complex frequency-response function H(w) describes the response of the system to harmonic
excitation. Finally, the desired solution u(t) is given by the inverse Fourier transform of U(w).

u(t) = %fij(w) P(w)e ! dw

Straightforward integration can be used to evaluate the integral of Fourier transform P(w), but contour
integration in the complex plane is necessary for to solve the integral for u(t). Closed-form results can be
obtained only if p(t) is a simple function, and application of the Fourier transform method was restricted to
such p(t) until high-speed computers became available.

The Fourier transform method is now feasible for the dynamic analysis of linear systems to complicated
excitations p(t) or ii,(t) that are described numerically. In such situations, the integrals of both of above
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equations are evaluated numerically by the “discrete Fourier transform method” using the “fast Fourier
transform algorithm” developed in 1965.

The frequency-domain method of dynamic analysis is symbolized by above two integral equations. The
first gives the amplitudes P(w) of all the harmonic components that make up the excitation p(t). The
second integral equation can be interpreted as evaluating the harmonic response of the system to each
component of the excitation and then superposing the harmonic responses to obtain the final response

OF

The frequency-domain method, which is an alternative to the time-domain method symbolized by
Duhamel’s integral, is especially useful and powerful for dynamic analysis of structures interacting with
unbounded media. Examples are (1) the earthquake response analysis of a structure where the effects of
interaction between the structure and the unbounded underlying soil are significant, and (2) the
earthquake response analysis of concrete dams interacting with the water impounded in the reservoir that
extends to great distances in the upstream direction.

2.2.4. Numerical Methods

The preceding three dynamic analysis methods are restricted to linear systems and cannot consider the
inelastic behavior of structures anticipated during earthquakes if the ground shaking is intense. The only
practical approach for such systems involves numerical time-stepping methods, which will be presented
as a separate topic in later part. These methods are also useful for evaluating the response of linear and
nonlinear systems to excitation (applied force p(t) or ground motion ii,(t)) which is too complicated to be
defined analytically and is described only numerically.

2.3. Free Vibration Response of an SDF System

Let’s consider the motion of an SDF system with the applied force set equal to be zero. The determination
of this free vibration response would require the solution of the following homogeneous equation.

mii(t) + cu(t) + ku(t) =0

d?u(t)
dt?

du(t)
dt ’

Where ii(t) = and u(t) =

A Quick Review of Basic Concepts:

(&) Solution form :
Consider a first-order differential equation

du(t)
T + ku(t) =0
du (e
By separation of variables,
W _gat
u(t)
Integrated both sides
lnu=—-kt+c

Where c is an arbitrary constant.
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By applying exponential operation
el — ¢ = p(=kt+c) — p—kt ¢ — o ekt
The solution:
u(t) = c,e ™
where ¢, is an arbitrary constant.

It can be shown that the solution of higher order differential equation are also in this exponential form.

(b) Superposition:
If a solution of a homogeneous linear differential equation is the multiplied by a constant, the
resulting function is also a solution.

The sum of two solutions is also a solution

Proof:

Let ¢,(t) and ¢,(t) be independent solutions of governing differential equation of an SDF system,
such that

me, (t) + cp1(t) + k1 (£) =0
me, () + cp1(t) + ke, () =0

Substituting ¢, ¢4 (t) info the left-hand side of equation of motion, we get
m(c1¢1(6)) + c(c191(8)) + k(c191(t)) =0
c1[me (1) + ¢, () + kp1(6)] =0
Hence c, ¢, (t) is also a solution of equation of motion
In similar manner, by a direct substitution of c¢;¢,(t) + c,¢,(t) into the first equation, it can be
shown that c; ¢, (t) + c,¢,(t) is also a solution of equation of motion.

(c) Initial Conditions
Consider u(t) = c;¢,(t) + c,¢,(t) as a general solution of governing equation of motion. Since

the constants ¢; and ¢, can have any value, the general solution can represent o different
solutions.
Usually initial conditions are known and we are seeking for one specific solution that satisfies
those initial conditions.
Example of initial conditions:
u(0) and u(0) are the initial displacement and initial velocity of the SDF system. Two conditions
are needed because there are two unknown arbitrary constants to be specified.

u(0) = c1¢1(0) + c2¢2(0)

(0) = ¢1¢1(0) + c2¢,(0)

$1(0), ¢,(0), ¢, (0), $,(0),u(0) and %(0) all are known. Therefore ¢, and ¢, can be determined.

For more details, see Erwin Kreyszig’s Advanced Engineering Mathematics, John Wiley & Sons.

Now consider the equation governing the free vibration of an SDF system as follows.
mii(t) + cu(t) + ku(t) =0

Assume the solution in the exponential form:
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u(t) = Ge*t
Where G and s are constants. Substituting this solution back into the equation of motion,
ms?GeSt + csGeSt + kGeSt =0
(ms? +cs+k)GeSt =0

To have a non-zero solution of u(t), the ms? + cs + k must be zero,

s2+<s+E=0
m m

2.3.1. Undamped Free vibration Response

In this case, ¢ = 0.

Introducing the notation

The above equation becomes,

Which has two solutions,

Where i = v/—1
Hence the general solution of u(t) is
u(t) = G,e't + Ge~ @t
Where G, and G, are arbitrary constants.
Since there are two arbitrary constants, two initial conditions need to specified, i.e. u(0) and 1(0).
u(0) = G1e® + G,e° =G, + G,
1(0) = iwG,e’ — iwG,e’ = iwG, — iwG,

Therefore,
1 u(0
G, = —(u(O) + Q)
2 iw

Note:

Dynamics of Single-Degree-of-Freedom (SDF) Systems 46



Part 1 - Structural Dynamics — The Basics

Taylor Series:

—oo < x < oo
14X x? x3
TR T TR
. ] (iwt)?>  (iwt)3
t —
et =1+ iwt+ T 3
(wt)? i(wt)3

+(-1) o

et =1+ iwt+ (—1)

2! 3!
) (wt)? ] (wt)3
t—1J1— —
e'v —{1 T + +i{wt 3 +
Taylor series of cos(wt) is
(wt)?
1— o
Similarly, the Taylor series of sin(wt) is
(wt)®
Therefore,

el®t = cos(wt) + isin(wt)
This is called Euler’'s equation.

Introducing Euler's equations:

etiot = cos(wt) + isin(wt)

Introducing the expressions for G; and G, into the general solution, we obtain

1(0)

u(t) = u(0) cos(wt) + ” sin(wt)

It is easy to verify that this equation is the solution of governing equation of motion by direct substitution.

u(0) ;g S
- ” 2 u(0)
] § = ampL1TUDE ‘/[u(o)] +[w
. 2
_ ... S
2 B
‘g 5
= 1 3
e} c / TIME, t
< \
Q.
(%]
a
e
T = 21/ w—
1 2 3 Y 5
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Deformed position of structure corresponding to location 1, 2, 3, 4 and 5 on response-time plot

Figure 2-8: Undamped free vibration of an SDF system

The structure vibrates in simple harmonic motion (or oscillation).
The amplitude of oscillation depends upon u(0) and (0). The above equation may be transformed into
u(t) = p cos(wt — 0)

Where

1(0)

p= @)+ <—>2

w

_, [ w(0)
6 =tan~! <wu(0)>

The oscillation does not decay because the structure is undamped. The period of oscillation T is the time
required for one cycle of free oscillation. For undamped structure,

w f

Where w is the natural circular frequency, f is the natural (cyclic) frequency (cycle/sec, Hz) and T is the
natural period (sec). This term "natural" is used to qualify each of the above quantities to emphasize the
fact that these are “natural properties” of the structure. These properties are independent of the initial
conditions.

2t 1
T =—=

The natural (cyclic) frequency f of a one-story building is around 1 Hz. For 15-story building, it is around 1
Hz. For a 60 to 70 story building, it is 0.2 to 0.3 Hz i.e. the building will take 3 to 5 seconds to complete
one oscillation depending upon the ratio of mass to its stiffness.

2.3.2. Damped Free Vibration

In this case ¢ # 0; i.e. damping is present in the structure. The solutions of s? + %s + - = 0 for this

case are

2
The characteristics of “s" depends upon the sign of the term {(i) - wz}
. . . . Cc 2
The equation will have distinct real roots, if (ﬁ) —w?>0

2
The equation will have complex conjugate root, if (i) -w?<0
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2
The equation will have real double roots, if (ﬁ) —w?=0

Case 1: Underdamped System (¢ < 2mw, complex conjugate solution of s)

The damping constant ¢ is a measure of the energy dissipated in a cycle of free vibration or in a cycle of
forced harmonic vibration. However, the damping ratio—a dimensionless measure of damping—is a
property of the system that also depends on its mass and stiffness.

Let’s define c,.: critical damping: ¢, = 2mw
Let's define &: critical damping ratio; §¢ = c¢/c, = ¢/2mw
Hence, in underdamped systems, 0 < & <1

Rewriting the solution in terms of &, we get
s =—éw++(¢w)? — w?
s=—¢w+Jw2(1-§82)V-1

s=—-¢wtiwp
Where
Wp = a)\/l——fz
T

e

TD =
Then the general solution of u(t) is
u(t) — Gleslt + GZeSZt — (Gle—fwt'l-i(x)Dt + Gze—f(ut—i(x}Dt)

u(t) = e‘g“’t(Gle_i“’Dt + Gye~t@nt)

When the initial conditions of u(0) are introduced, the constants G; and G, can be evaluated, and after
using Euler’'s equations we finally obtain,

u(t) = e~s0t [u(())-l;)ﬂ sin(wpt) + u(0) cos(wpt)
D

The response in above equation can also be presented as
u(t) = e~$“tp cos(wpt — 6)

Where

. J((am) +u(0)éw)

Wp

>2 + (u(0))”
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_, u(0) + u(0)$w

f =t
an wpu(0)

The above equations say that the underdamped system in its free vibration stage will oscillate with

circular frequency wp and with exponentially decreasing amplitude.

u(0) EXPONENTIAL DECAY

L——U(O)——’

UNDAMPED STRUCTURE

DAMPED
STRUCTURE

DISPLACEMENT, u

Figure 2-9: The effect of damping on free vibration

In most structures, the critical damping ratio ¢ is less than 0.2 (see Figure 2-10 below) and hence, wp =

w and Tp = T. The rate of amplitude decay depends on ¢ (see Figure 2-11).

Dynamics of Single-Degree-of-Freedom (SDF) Systems

50



Part 1 - Structural Dynamics — The Basics

1.0
w .8
)
E 0.6
@ RANGE OF
= DAMP ING
= 0.4 FOR MOST
< STRUCTURES
0.2

0 0.2 0.4 0.6 0.8 1.0
DAMPED NATURAL FREQUENCY

UNDAMPED NATURAL FREQUENCY

Figure 2-10: The effect of damping on natural frequency of vibration
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Figure 2-11: The effect of damping on free vibration. Curves 1, 2, 3 and 4 are for damping ratio 0, 1, 2
and 5 percent

In seismic design of most structures, ¢ = 0.05 is used. For tall buildings subjected to strong winds, we
generally assume ¢ = 0.005 — 0.02. For single cables, ¢ = 0.003 — 0.01.

Table: Typical damping ratios for common types of construction

Type of Construction Typical Damping Ratios
€3)
Steel frame with welded connections and 0.02
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flexible walls

Steel frame with welded connections, 0.05
normal floors and exterior cladding

Steel frame with bolted connections, normal 0.1
floors and exterior cladding

Concrete frame with flexible internal walls 0.05
Concrete frame with flexible internal walls 0.07
and exterior cladding

Concrete frame with concrete or masonry 0.1
shear walls

Concrete or masonry shear wall 0.1
Wood frame and shear wall 0.15

Case 2: Critical Damped System (¢ = ¢, = 2mw)
In this case, ¢ = ¢, = 2mw and & = 1. This will yield,

s=-w
The general solution of the governing equation of motion in this case will be of the form.

u(t) = Giest +t Gyest = (G + t Gy)e™®Y)
The second term must contain t since the two roots of quadratic equation in s are identical.
u(t) = —w(Gy + t Gy)e %) + Gye™ @t

Using initial conditions u(0) and u(0), the constants G, and G, can be determined as follows.

G, = u(0)

G, = 1(0) + w u(0)
The general solution will be,
u(t) = [u(0)(1 + wt) + u(0)t]e~«t

No oscillations. Damping just eliminated them.

The above expression is shown graphically in Figure below for positive values of u(0) and u(0). Note that
this free response of a critically-damped system does not include oscillation about the zero-deflection
position; instead it simply returns to zero asymptotically in accordance with the exponential term of above
equation. However, a single zero-displacement crossing would occur if the signs of the initial velocity and
displacement were different from each other. A very useful definition of the critically-damped condition
described above is that it represents the smallest amount of damping for which no oscillation occurs in
the free-vibration response (Clough and Penzien (2003) Dynamics of Structures, 3™ Edition).
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Free-vibration response with critical damping (Clough and Penzien (2003) Dynamics of Structures, 3™

Edition).
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The above equation shows that the response of an overcritically-damped system is similar to the motion
of a critically-damped system. However, the asymptotic return to the zero-displacement position is slower
depending upon the amount of damping.
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Critically damped, { = 1

Overdamped, { =2

u(t) / u(0)

é
w<

| Underdamped, £ = 0.1

Free vibration of under-damped, critically damped, and over-damped systems (Chopra (2012) Dynamics
of Structures, 4™ Edition)

Figure shows a plot of the motion u(t) due to initial displacement u(0) for three values of ¢. If ¢ < ¢, or
& < 1, the system oscillates about its equilibrium position with a progressively decreasing amplitude. If
¢ =c. or £ =1, the system returns to its equilibrium position without oscillating. If ¢ > ¢, or & > 1, again
the system does not oscillate and returns to its equilibrium position, as in the ¢ = 1 case, but at a slower
rate.

The damping coefficient ¢, is called the critical damping coefficient because it is the smallest value of ¢
that inhibits oscillation completely. It represents the dividing line between oscillatory and non-oscillatory
motion.

The rest of this presentation is restricted to under-damped systems (¢ < c¢.) because structures of
interest—buildings, bridges, dams, nuclear power plants, offshore structures, etc.—all fall into this
category, as typically, their damping ratio is less than 0.10. There-fore, we have little reason to study the
dynamics of critically damped systems (¢ = c.) or over-damped systems (¢ > c¢.) . Such systems do
exist, however; for example, recoil mechanisms, such as the common automatic door closer, are
overdamped; and instruments used to measure steady-state values, such as a scale measuring dead
weight, are usually critically damped. Even for automobile shock absorber systems, however, damping is
usually less than half of critical, ¢ < 0.5. (Chopra (2012) Dynamics of Structures, 4™ Edition)

2.3.3. Decay of Free Vibration Response

The true damping characteristics of typical structural systems are very complex and difficult to define.
However, it is common practice to express the damping of such real systems in terms of equivalent
viscous-damping ratios ¢ which show similar decay rates under free-vibration conditions. Therefore, let us
now relate more fully the viscous-damping ratio ¢ to the free-vibration response (Clough and Penzien
(2003) Dynamics of Structures, 3™ Edition).

It can be shown that the ratio of any two successive peaks is
3 w
L _ e(—ZTffw—D)
Ui+

Taking the natural logarithm on both sides gives the logarithmic decrement §, as follows.
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Uu; w
6=In =2né —
Uit Wp
Hence for structure with low &,
6§ ~ 2mé

The above equation is very useful and can be used for the identification of & in existing structures.

Because it is not possible to determine analytically the damping ratio ¢ for practical structures, this elusive
property should be determined experimentally. Free vibration experiments provide one means of
determining the damping.

Ui

Sometimes it is more appropriate to consider the ratio wherem > 1,

Ui+m

W
=2mné —
Uiym Wp

£ 1 l(ui)
T 2mm n Uiy

To determine the number of cycles elapsed for a 50% reduction in displacement amplitude, we obtain the
following relation from the above equation.

In

0.11
Msoy, = T

DISPLACEMENT, u
-
<

Figure 2-12: Measured displacement response from a free-vibration test

When damped free vibrations are observed experimentally, a convenient method for estimating the
damping ratio is to count the number of cycles required to give a 50 percent reduction in amplitude. The
relationship to be used in this case is presented graphically below. As a quick rule of thumb, it is
convenient to remember that for percentages of critical damping equal to 10, 5, and 2.5, the
corresponding amplitudes are reduced by 50 percent in approximately one, two, and four cycles,
respectively.
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Exact and approximate relations between The number of cycles required to
logarithmic decrement and damping ratio (Chopra reduce the free vibration amplitude by 50%
(2012) Dynamics of Structures, 4™ Edition) (Chopra (2012) Dynamics of Structures, 4" Edition)

The natural period T}, of the system can also be determined from the free vibration record by measuring
the time required to complete one cycle of vibration. Comparing this with the natural period obtained from
the calculated stiffness and mass of an idealized system tells us how accurately these properties were
calculated and how well the idealization represents the actual structure (Chopra (2012) Dynamics of

Structures, 4" Edition).

2.4. Unsolved Examples: Free Vibration Response of an SDF

System

Example 1: For an undamped SDF system shown below, f = 3.183 Hz. If 800 kg is added to mass m,

the frequency is reduced to f = 2.690 Hz. Determine the mass m and stiffness k.

m |

Example 2: Consider the same SDF system with damping. Suppose that a free vibration response test is

applied to this system and the resulting response is shown below.
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o] \//\\//zx

Determine the damping coefficient ¢ and critical damping ratio ¢.

Example 3: For the same SDF system shown above, determine the free vibration response (both
undamped and damped) for the following three initial conditions.

a) u(0) =0.03m, u(0) =0m/s
b) u(0) =0.03m, u(0) =0.2m/s
c) u(0) =0.03m,u(0.5sec) =—0.02m/s

For all cases, calculate maximum lateral displacement, velocity and base shear.

Example 4: A simple structure (which can be modeled as a single-degree-of-freedom, SDF system) is
shown in Figure Ex.1 below. Its whole mass 10,000 Kg is lumped at top which is supported by two steel
columns with hollow cross-sections. The mass is also laterally restrained by a structural component with a
given lateral stiffness (represented by a spring in the Figure Ex.1). The columns are firmly fixed to the
rigid ground. Important structural dimensions and the column’s cross-section are shown in Figure.

Modulus of elasticity of steel is 2 x 101! N/m?2.
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k=3x10°N/m
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OQuter Diameter

Figure Ex. 1: A simple structure supported by two ciolumns and a lateral spring

a) Determine the natural frequency (f), natural circular frequency (w) and the natural time period
(T) of this simple structure.

b) If the top mass is displaced laterally by 20 mm and released, it will start oscillating (free vibration
response). Determine the analytical solution (expression) for the displacement response of this

structure and plot it from t =0 to t = 10 sec. Assume that the structure doesn’t have any
energy dissipation.

c) If the critical damping ratio (§) of this structure is 0.05, determine the analytical solution

(expression) for the damped displacement response of structure and plotitfromt =0tot = 10
sec.

Solution:

Lateral stiffness of a column with support conditions shown in Figure Ex. 1 = 3E1/L3

The free vibration response of an un-damped SDF system:

u(t) = u(0) cos(wt) + @sin(wt)
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Or
u(t) = p cos(wt — 6)

~ 1(0)\
P = \/uZ(O) + (T)

_, [ w(0)
6 =tan~! <a)u(0)>

The free vibration response of a damped SDF system:

Where

u(t) = e~$wt [w sin(wpt) + u(0) cos(th)]
D
Or
u(t) = et p cos(wpt — H)
Where

Wp

. 2
. J<<u(0)+u<o>ew)> ()

_, u(0) + u(0)$w

6=t
an wpu(0)
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Elastic Stiffness
Deflection and stiffness for various systems (due to bending moment only)
Maximum

System Deflection (z) Stiffness (k)
o
Fh AE
AE h

Fp? 381
3ETI .h3
FhR3 12ET
12E7T h3
wL 81
. 8EI L3
Fh3 12E(I, + I)
12E(I) + I2) h3
FL3 48ET
48ET L3
w
v, —= SwL* 384ET
i Ik 384E] 5L3
(w is load per unit length)
FL3 192ET
192E7T L3
. wlt 384ET
. 384ET L3

(w is load per unit length)
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2.5. Response to Harmonic Loading

In this section, the response of simple structures to harmonic loading is investigated.

BsinGarfe) &

ceew o mse

s

Figure 2-13: A simple structure subjected to a harmonic loading P(t) = p, sin(2nft) = p, sin(wt)

In mathematic the response is the solution of the following linear nonhomogeneous differential equation:
mi + cu + ku = p, sin(wt)

The solution must also satisfy the prescribed initial conditions: u(0) and 1¢(0).

A Quick Review of Basic Concepts:

(a) Solution form :
A general solution u(t) of the linear nonhomogeneous differential equation (as shown above) is the sum

of a general solution uy(t) of the corresponding homogenous differential equation and a particular
solution u, (t).

u(t) = up(®) +up(d)
Where
mﬁh + C'l:lh + kuh =0
And
mil, + cuy + kuy, = p, sin(wt)

u, (t) is the specific response generated by the form of external force function (In this case eternal force
function is harmonic and u, (t) is also harmonic) and u, (t) does not need to satisfy the initial conditions.

Introducing the complete general into the governing equation of motion, we obtain

m (1 () + 1y () + € (un(®) + 1 (©) + k (un(®) + 1, (®)
= (miip, + city + kuy) + (miiy, + cit, + ku,) = 0 + p, sin(wt)
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2.5.1. Undamped Systems Subjected to Harmonic Loading
mii + ku = p, sin(wt)
Homogeneous (or Complementary) Solution (Undamped Systems)

From the previous section, we have already obtained u; (t) as
up(t) = A cos(wt) + B sin(wt)

Particular Solution (Undamped Systems)

The particular solution of a linear second-order differential equation governing the response of an
undamped SDF system subjected to harmonic force, is of the form

u,(t) = G sin(wt)
i, (t) = —Gw?sin(@t)
Substituting these two values of u, (t) and li, (t) into the governing equation of motion, we get
miiy, + ku, = p, sin(@t)
—mGw? sin(@t) + kG sin(@t) = p, sin(@t)

Solving for G, we get

P 1
k1—-(w/w)?
Therefore,
_Po o
u,(t) = k1= (/) sin(@t)

The general solution becomes,
u(t) = up(t) +uy(t)

u(t) = Acos(wt) + B sin(wt) + %Té)/w)z sin(wt)

Now we have to determine A and B,

7]
u(t) = —wAsin(wt) + wB cos(wt) + %TE)/@)Z cos(wt)
This yields,
u(0)=A4
. Po w
SRRy N —
u(0) = wB + k1= (@)
Therefore,
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A =u(0)

B - u(0) po  B/w
W k1—(w0/w)?
Let’s introduce f = @/w (frequency ratio).

The general solution becomes,

u(t) = u(0) cos(wt) + (ug)) _ Z;{_Ol _‘8[;2> sin(wt) + %1 —1,82 sin(wt)

The first two terms show transient vibrations while the third term shows the steady-state response.

pt

Amplitude, p,

(a) / =

N

\

Period, T = 2n/®

Total Response

] Steady—state Response
| 7 = N ~
7 4 !
A; 17 \ \ /
X N /. N Z
b) = 0 \/ \/
(b) s 7 ” AV} =
= . / 7
N N 7/
-1 1 s I~
0 0.5 1 1.5 2
T
(a) Harmonic force; (b) response of undamped system to harmonic force; w/w = 0.2,u(0) = 0.5p,/
k,1(0) = wp,/k.

u(t) contains two distinct vibration components: (1) the sinwt term, giving an oscillation at the forcing or
exciting frequency; and (2) the sin(wt) and cos(wt) terms, giving an oscillation at the natural frequency of
the system. The first of these is the forced vibration or steady-state vibration, for it is present because of
the applied force no matter what the initial conditions. The latter is the free vibration or transient vibration,

which depends on the initial displacement and velocity. It exists even if u(0) = u(0) = 0, in which case
the above equation specializes to
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po 1 e .
u(t) = ———— (sin(wt) — Bsin(wt
® = 75z (in(@1) — sin(wt)
The transient component is shown as the difference between the solid and dashed lines in above figure
where it is seen to continue forever. This is only an academic point because the damping inevitably
present in real systems makes the free vibration decay with time. It is for this reason that this component

is called transient vibration.

The steady-state dynamic response, a sinusoidal oscillation at the forcing frequency, may be expressed
as

1
1-p?
Ignoring the dynamic effects in the governing differential equations of motion of undamped SDF system,
the static deformation at each instant is

u(t) = %(#) sin(@wt) = ugt( ) sin(@t)

uSt(t) = %sin(a_)t)
The maximum value of static deformation is
Do
ust =29
0 k

which may be interpreted as the static deformation due to the amplitude po of the force; for brevity we will

refer to (u st) o as the static deformation. The factor Wl/w)zor 1_—132 has been plotted in figure below

against f = w/w (the ratio of the forcing frequency to the natural). For § < 1 or @ < w, this factor is
positive, indicating that u(t) and p(t) have the same algebraic sign (i.e., when the force acts to the right,
the system would also be displaced to the right). The displacement is said to be in phase with the applied
force. For § > 1 or @ > w, this factor is negative, indicating that u(t) and p(t) have opposing algebraic
signs (i.e., when the force acts to the right, the system would be displaced to the left). The displacement
is said to be out of phase relative to the applied force.

S

4._

o
T

[1- (/)2 ]!

. 0 1 2 3

Frequency ratio ® / ®,
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To describe this notion of phase mathematically, the above equation for steady-state response
rewritten in terms of the amplitude u, of the vibratory displacement u(t) and phase angle ¢:

u(t) = u, sin(wt — ¢)

u(t) = ust R, sin(wt — @)

Where
1
U, = ust (1 —ﬁz)
And
U, 1
R = —
d u(s)t 1_32
p=0w<w
¢=180,0 > w

For w < w, ¢ = 0, implying that the displacement varies as sinwt, in phase with the applied force. For
o > w, ¢ = 180, indicating that the displacement varies as —sinwt, out of phase relative to the force.

This phase angle is shown in figure below as a function of the frequency ratio f = @ /w.
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Deformation response factor and phase angle for an undamped system excited by harmonic force.

The deformation (or displacement) response factor R, is the ratio of the amplitude u, of the dynamic (or
vibratory) deformation to the static deformation (u3!). The graph between R, and frequency ratio § =
w/w permits several observations:

If B is small (i.e., the force is “slowly varying”), R, is only slightly larger than 1 and the amplitude of the
dynamic deformation is essentially the same as the static deformation. If 5 > V2 (i.e., w is higher than
wV2), R; < 1 and the dynamic deformation amplitude is less than the static deformation. As 8 increases

beyond V2, R; becomes smaller and approaches zero as w/w — o , implying that the vibratory

deformation due to a “rapidly varying” force is very small. If 8 is close to 1 (i.e., @ is close to w), R, is
many times larger than 1, implying that the deformation amplitude is much larger than the static
deformation.

The resonant frequency is defined as the forcing frequency at which R; is maximum. For an undamped
system the resonant frequency is w and R, is unbounded at this frequency. The vibratory deformation
does not become unbounded immediately, however, but gradually, as we demonstrate next.
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2.5.2. Resonant Response of Undamped Systems

If w = w, the general solution derived above is no longer valid. In this case, the choice of the function
G sin(wt) for a particular solution fails because it is also a part of the complementary solution. The
particular solution now is

u,(t) = G t cos(wt)
Substituting in governing equation of motion and solving for G, we get

Po
G=-Fre
2k Y

and the complete solution is
u(t) = Acos(wt) + B sin(wt) — g_locwt cos(wt)
Now we have to determine A and B,
. . Po bo 5, .
u(t) = —wAsin(wt) + wB cos(wt) — T cos(wt) + T t sin(wt)
This yields,
A =u(0)

u(O)

B =
w 2k

The general solution becomes,

u(t) = u(0) cos(wt) + <% + 2k> n(wt) — p—ka)t cos(wt)

For at-rest initial conditions, u(0) = u(0) = 0, the complete solution becomes,
Po , .
u(t) = % (sm(wt) — wt cos(wt))
For at-rest initial conditions, u(0) = u(0) = 0, the particular solution becomes,

__Po
u(t) = T wt cos(wt)

This result is plotted in figure below which shows that the time taken to complete one cycle of vibration is
T. The deformation amplitude grows indefinitely, but it becomes infinite only after an infinitely long time.
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This is an academic result and should be interpreted appropriately for real structures. As the deformation
continues to increase, at some point in time the system would fail if it is brittle. On the other hand, the
system would yield if it is ductile, its stiffness would decrease, and its “natural frequency” would no longer
be equal to the forcing frequency, and the general solution derived for resonance case and the above
figure would no longer be valid.

2.5.3. Damped Systems Subjected to Harmonic Loading
mii + cu + ku = p, sin(wt)
Homogeneous (or Complementary) Solution (Damped Systems)

From the previous section, we have already obtained uy (t) as
up (1) = e @t (A cos(wpt) + B sin(wpt))

Where A and B are arbitrary constants which satisfy the initial conditions u(0) and (0). The form of
equation which we use to determine the general solution was

up(t) = e*@t(G,e'@nt + G e~t@nt)
Where G, and G, were determined such that they satisfy the u(0) and (0).
An alternate form is,
up (t) = €789 pycos(wpt — Op)

Where p;, and 8, are arbitrary constants determined as a function of initial conditions u(0) and u(0).
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Particular Solution (Damped Systems)

Particular solution is specific response generated by the form of external force function. Its form depends
upon the form of dynamic loading. The specific response to the harmonic force can also be assumed
harmonic with a phase lag.

MAXIMUM FORCE po

HARMONIC FORCE p(t) = P sin ot

/
/
fj - /
/ /
/ / Z "
| ez /\v/ DISPLACEMENT \.4/
AMPLITUDE p -

Uplt)= P sm(wt-0)

Figure 2-14: The particular solution for harmonic force is also harmonic with a phase log

u,(t) = p, sin(@t — 6,)

In which p,, is amplitude and 8, is phase lag. If 8, = 0, there will be no lag between applied force
p(t) and u,(t). If 8, = 2m, the response u, (t)will have a lag of one cycle with applied force p(t).

For more details about this solution form, please refer to “Advanced Engineering Mathematics” by Erwin
Kreyszig).

The particular solution can also be transformed into
uy(t) = G';sin(@t) + G'ycos(wt)
Where G'; and G’, are constants to be evaluated.
Employing the previous notations, w? = k/m and & = ¢/c, = ¢/2mw, we get
mily, + 2§mwit, + mw?il, = p, sin(@t)

Substituting the general solution of u,(t) into above equation and separating the multiples of sin(wt)
from the multiples of cos(wt) leads to

u,(t) = G'ysin(wt) + G',cos(wt)
Uy (t) = @G’y cos(wt) — WG'; sin(wt)

i, (t) = —@2G'y sin(@t) — @*G',cos(wt)
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(-G @0?% — G',w(2¢w) + w?G') sin(@t) + (—G',@?% + G 0 (2¢w) + w?G',) cos(wt) = il—o sin(@t)
Hence,
1 —2 I — 21 4
—G'10° -G 0(2éw) + w Gl:E
_6,262 - G’IE(ZfO)) + (UZGIZ =
Dividing the above two equations by w? and introducing f = @/w (frequency ratio),

61(1— ) - G, (260) =2

G'y(1 - B2) + G, (268) = 0

These are two simultaneous algebraic equations for two unknown (G'4, G',). There simultaneous solution
yields,

¢, =" L—F
YTk (1-B2)% + (28B)2
G,Z _ Po (_Zfﬁ)

Tk (1= D%+ (26p)?
Therefore, the particular solution w,, (¢t) is obtained as
u,(t) = G'ysin(@t) + G',cos(t)

Po 1
k (1— 22+ (288)?

The above equation can also be written as,

u,(t) = [(1 — B?) sin(@wt) — 2&Bcos(wt)]

u, (t) = pp sin(wt — 6,)
Where,
_bPo 1
K AR+ 2B

6, = tan™! (125@2 )

General Solution (Damped Systems)

The general solution u(t) is
u(t) = up(t) +up(t)
u(t) = [e‘f“’t(A cos(wpt) + B sin(a)Dt))] + [G'y sin(@t) + G', cos(wt)]

Where A and B can be determined in terms of initial conditions, similar to undamped case.
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The above equation can also be written as follows,
u(t) = e~59t p,cos(wpt — 6) + ppsin(wt — 6,)

The first term [e‘f“’t preos(wpt — Gh)] is the free decayed oscillation at w,. The p, and 8, are defined

such that u(0) and %(0) are satisfied. The oscillations of u,(t) are quickly damped and eventually
become zero if the harmonic force is applied for sufficient time.

The second term [p, sin(@t — 6,)] is constant amplitude oscillation at frequency @ with phase 6,

different from excitation. This term represents the “steady-state response”. For most of the real structures,
we are mostly interested in this response.

(@) HHNNNNNWN;WNW;\—WWW“_ "

Free motion

CUplt)

(5) t
H \\/ \/ Forced moﬁon\/

WUtt) = Wy () + | u,Pzt)
\‘ :
(c) \
\
" Total motion

Figure 2-15: The general solution of an SDF system subjected to harmonic excitation

—
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Steady-state Response (Damped Systems)

After sufficient time has passed, u(t) — u,(t). Therefore, u,(t) is the “steady-state response”

up(t) = ppsin(@t — 6))

Where
Po 1 st
= — = U, R
A 0P
L 2B
0= tan” (= )
1

R, =
P A -2+ (28p)2

The term p, /k is the maximum static displacement (uSf). It is the displacement of structure that would

occur if the maximum force p, were applied as a static force. Ry is a dimensionless factor known as the
“dynamic magnification factor” or “displacement response factor”.

Maximum dynamic displacement (p) = maximum static displacement x dynamic magnification factor
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Steady-state response of damped systems (¢= 0.2) to sinusoidal force for three values of the frequency

ratio: (a) f= 0.5, (b) f=1, (c) B=2.

Rp is a function of
a) Frequency ratio f = @w/w
b) Critical damping ratio &

A plot of the amplitude of a response quantity against the excitation frequency is called a frequency-
response curve. Figure 2-16 shows the plot of R, against B for structures with £ = 0, 0.1. 0.2, 0.5 and 1.
Damping reduces Rp and hence the deformation amplitude at all excitation frequencies.
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Figure 2-16: The dynamic amplification factor (or response factor) for one-story structure subjected to
harmonic force

The magnitude of this reduction is strongly dependent on the excitation frequency. Several discussions
can be made as follows:

(1) When [ approaches to zero R—>1, and the dynamic displacement amplitude is about the same as
the static one. In the other words, if the forcing frequency @ is much lower than the natural
frequency of the structure, the dynamic effects are negligible.

The displacement is controlled by the stiffness of structure, with little effect of mass and damping, so

we call this range (8 = 0) as “pseudo static” range.

(2) On the other extreme,  >> 1, R, = 0, ® >> w. If the forcing frequency (®) is much higher than the
natural frequency of the structure (w), the displacement approaches to zero. In this extreme, the
inertia forces dominate. So we call this range “inertial range”.

This result implies that the response is controlled by the mass of the system.
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Po

~ 2

vo =R =1 2

(3) Between the two extremes, there is a range where the displacement can be very large when
damping ratio is low. This is the range where f is close to 1. At § = 1, Rp = peak, i.e. a small force
can produce a very large response.

1

Rp = —

This result implies that the response is controlled by the damping of the system. Dynamic
magnification factor is inversely proportional to damping. In this range, the damping force plays a
very crucial role. So, we call this range, “resonant range”.

To give you some ideas about this “resonant amplification”,

& of steel structures ~ 0.01, R, =1/(2x0.01) = 50

& of concrete structures = 0.05, Rp =1/(2 x 0.05) = 10

¢ of tall buildings (300 m to 400 m high), long span bridges (300 m up span) = 0.005, R, = 100

st
_Uo Po

uozz—f—a

The phase angle ¢, which defines the time by which the response lags behind the force, varies with § =
w/w as shown in Figure below. It is examined next for the same three regions of the excitation-frequency
scale:

1) If B=w/w K1 (i.e., the force is “slowly varying”), ¢ is close to 0° and the displacement is
essentially in phase with the applied force. When the force acts to the right, the system would
also be displaced to the right.

2) fB=w/w > 1 (ie., the force is “rapidly varying”), ¢ is close to 180° and the displacement is
essentially of opposite phase relative to the applied force. When the force acts to the right, the
system would be displaced to the left.

3) ff=w/w =1 (ie., the forcing frequency is equal to the natural frequency), ¢ = 90° for all
values of &, and the displacement attains its peaks when the force passes through zeros.
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180°

Phase angle, 6
o
o
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Frequency ratio,
Figure 2-17: The relationship between frequency ratio and phase angle

Additional explanation on “pseudo-static”, “inertial” and “resonant” ranges:

Let us consider the equation of motion.

fi + fo + fs = po sin(wt)

The left-hand side of the equation contains three structural dynamic forces. The right-hand side is an
external force.

The proportion of these three forces (at steady-state condition) is derived as follows.

u(t) = p sin(wt — )
u(t) = wp cos(wt — )

ii(t) = —@?p sin(wt — )
u(t) and ii(t) are in opposite phase.
fs =ku
|fslmax = kp

_ |f:9|max

(fn = kp =1

fp =cu
|fD|max = Zfﬂkp

_ |fD|maX

(fpln = “kp 2&p
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' Figure‘2-18‘: The “pseudo-static”, “inertial” and “resonant” ranges

Close to = 1, although both f; and f; are the major forces but they are in opposite phase, hence
cancelling each other. The remaining f, which is relatively weak force becomes more important in this
middle range.

At B = 1, the equation of motion becomes f, = p,, sin(wt). In order to satisfy this equilibrium, large p is
developed - resonance.

|fplmax = 2&Bkp

The term 2¢& is small, and p is Large.

2.5.4. Resonant Response of Damped Systems

To gain more understanding in the nature of resonant response, let us consider the general solution 1(t)
atfp = 1.
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=P L _Po 1
Pk - @p? k%
R 1
p ust
p_fRD=u5tRD=%

Similarly, for g =1,

Po (1Y . T
u,(t) = f (2—5) sin (wt — E)
Therefore, the general solution becomes,
1 T
u(t) = et p, cos(wt — 6),) + % (E) sin (wt - E)
T
sin(wt — E) = —cos(wt)

Assume that the structure initial has no motion i.e. u(0) = 0 and 1(0) = 0. With these specified initial

conditions, p; and 6, can be determined and, we finally obtain

u(t) = 2—15 Z;(—o (e_f‘“t [cos wpt + \/%EZ

For lightly damped systems the w, = w; thus

sin wp t] — COS wt>

1 po
u(t) == — (e7%“* — 1) cos wt
025 2 (o -)
The term — 22 (e~¢»t — 1) is the envelope function.
2% k
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AR(t) = uu)/( R/R
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Figure 2-19: The response to resonant loading § = 1 for at-rest initial conditions. The response builds up
gradually until the amplitude approaches the steady-state value.

Response ratio envelope

No. cycles
6 8 10 12
] 1 1 1
0 . 4r . 8w 127 16w 207 24n 287

Duration of loading, @ ¢
Figure 2-20: The rate of buildup of resonant response from rest.

Different structures take different number of cycles to converge to large response of resonance e.g. for R,
=10, to reach about 90% to 95% of steady-state amplitude, we need approximately 10 cycles. If R;, = 20,
the structure would require 20 cycles. So resonance just not happens immediately. If loading is comprised
of just few cycles, the structure would not produce large dynamic amplitude.

The term % % (e~%@t — 1) is the envelope function. The value (e~¢“t—1) starts from 0 and
approach -1 for large values of t.

Dynamics of Single-Degree-of-Freedom (SDF) Systems 79



Part 1 - Structural Dynamics — The Basics

For highly damped systems, it takes only a few cycles to reach the peak. For lowly damped systems, it
may take large number of cycles to reach the peak.

Therefore, in order that large resonant response to be careful develop, three conditions have to be met:

a. Frequency Tuning, f =1
b. Low damming ratio, § < 1
c. Sufficiently long duration of excitation

L . i - P
Wind (oad‘“g s . e vovtex flow gewevates havrmonic fovee

Machine loo d“v\g unbalance motor

esrr

Figure 2-21: The examples of harmonic loading which can cause resonant response

2.5.5. Dynamic Response Factors

The steady-state response of an SDF system subjected to harmonic loading p, sin(®t) is shown again.

u(t) = pp sin(wt — 6,)

Where
_Po 1 _ st
A
(%8B
6, = tan (1 myy )
_Pr _ 1
D

Cu - B2 + (8B
u(t) = uZtRD sin(wt — 6,,)

Rj is the displacement response factor. By differentiating above equation, we can also get velocity and
acceleration response factors as follows.

R, = 2R, = BR
V_(UD_ D

@\ 5
Ri= (=) Ry =HRo

w
(&)
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R, is also a function of frequency ratio (f/f) and damping ratio (§).

Therefore,

Ry
F=RV = BRp

A resonant frequency is defined as the forcing frequency at which the largest response amplitude occurs.
The peaks in the frequency-response curves for displacement, velocity, and acceleration occur at slightly
different frequencies. These resonant frequencies can be determined by setting to zero the first derivative

of Rp, Ry, and R, with respect to f; for £ < 1/+/2 they are:
Displacement resonant frequency:

Velocity resonant frequency: w

Acceleration resonant frequency:

For an undamped system the three resonant frequencies are identical and equal to the natural frequency
w n of the system. Intuition might suggest that the resonant frequencies for a damped system should be

at its natural frequency wp, = w+/1 — &2, but this does not happen; the difference is small, however. For
the degree of damping usually embodied in structures, typically well below 20%, the differences among
the three resonant frequencies and the natural frequency are small.

The three dynamic response factors at their respective resonant frequencies are

1

2w/l fa

RD=

2.5.6. Response to Harmonic Ground Motion

Harmonic ground motion is represented by

uy (t) = ug, sin(2mft)

_ mitte
| i//\ =P
.

\
Ve F : frequency of ground motion =

Figure 2-23: The harmonic ground motion

Effective Force:
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2

d“u 2 . _
Perr(t) = Mmoo = m(2rf) Ugo SIN(21ft)

Equation of motion:

md?u  du 2 . =
12 + c + ku = Pess(t) = m(2rf) Ugo SIN(2mft)

Response:

Steady State
L Harmonre Regﬁgnse

ULlt) }

/

{

i

me

Figure 2-24: The response to harmonic ground motion

At Steady stage:

u(t) = Rp ugy, sin@nft — ¢)
¢ = phase lag
Rp = Dynamic amplification factor

For Rp = 1, the structure will have same amplitude of shaking as the ground shaking.

The same ground shaking is not equally harmful to all structures because they will have different natural
frequencies and therefore, respond differently.

Dynamics of Single-Degree-of-Freedom (SDF) Systems 82



Part 1 - Structural Dynamics — The Basics

s

3

L} ]
. 1
. ' [
: '
L}
. 1 '
0 ! [
AEEL AL (2
) 1
] . 1
t . t 5
1
)
1
’
] b
]
1 .
L 1
T TTTITIIYYYTYTY

A

Large dynamic response dve to the effect & “Resonance”
(@) (b) (©)

Figure 2-26: The response relation between frequency ratio and dynamic response factor

In (a), the structure is in-phase with ground shaking, but have low amplitude. In (b), the response of
structure lags by a quarter-cycle to the ground shaking. In (c), the mass of structure remains at the same
place due to high inertial force, while the ground shakes. The structural response and ground shaking are
completely out of phase.

2.5.7. Solved Examples

Harmonic Response of an SDF System

Example 5: For the same SDF system shown in Example 1 (damped case), determine the forced
vibration response under a harmonic force defined as p,sinwt where p, = 1000 N and & = 2nf.
Consider the following three cases.

a) f=05f
b) f=f
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c) f=2f

Use at-rest initial conditions (i.e. u(0) = 0, u(0) = 0). Plot the response in each case and find maximum
displacement, base shear and base moment.

2.5.8. Estimation of Damping using Harmonic Tests

The theory of forced harmonic vibration, presented in the preceding sections provides a basis to
determine the natural frequency and damping of a structure from its measured response to a vibration
generator. The measured damping provides data for an important structural property that cannot be
computed from the design of the structure. The measured value of the natural frequency is the “actual”
property of a structure against which values computed from the stiffness and mass properties of structural
idealizations can be compared. Such research investigations have led to better procedures for developing
structural idealizations that are representative of actual structures (Taken from Chopra (2012) Dynamics
of Structures, 4" Edition).

Resonance makes dynamic response much different from static response. “Resonant magnification” is
governed by “damping”. But it is usually not easy to determine the damping c for a given structure. In fact,
it is a major source of error in dynamic analysis. So, the value of ¢ is usually assumed based on past
experiences.

Damping coefficient ¢ can be evaluated directly from experiments. One common technique is “free
vibration decay”. It was discussed in free vibration response.

Resonant Amplification Method

Another technique is to estimate ¢ from frequency-response curve. This method of determining the
viscous-damping ratio is based on measuring the steady-state amplitudes of relative-displacement
response produced by separate harmonic loadings of amplitude po at discrete values of excitation
frequency w over a wide range including the natural frequency. Plotting these measured amplitudes
against frequency provides a frequency-response curve of the type shown in Fig. 3-15.

Since the peak of the frequency-response curve for a typical low damped structure is quite narrow, it is
usually necessary to shorten the intervals of the discrete frequencies in the neighborhood of the peak in
order to get good resolution of its shape.

The damping ratio can then be determined from the experimental data using

1

§ = 2R,
Half-Power (Band-Width) Method

An important property of the frequency response curve for R; shown below is the half-power bandwidth. If
w, and w, are the forcing frequencies on either side of the resonant frequency at which the amplitude u,
is 1/4/2 times the resonant amplitude, then for small &, it can be shown that,

Wp — Wq
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Half power band width = 2&

This important result enables evaluation of damping from forced vibration tests without knowing the

applied force.
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Figure 2-22: The Evaluation of damping from force vibration tests

The damping can also be determined using the resonance testing. The basic idea is

foi Yo

2 Up(m=w)

2.5.9. Summary - Response to Harmonic Force

Equation of Motion:

md?u du

TN + CE + ku = p,sin(2nft)

Response (at the steady state):
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Po

u(t) = p

Rp sin(2mft — 6,)
Where 22 = static response to a static force p,.
k

6, = Phase lag

D = Dynamic amplification factor

0 L s B
o 1 2 3

Figure 2-25: The response relation between frequency ratio and dynamic amplification factor

2.5.10. Steady-state Response to Cosine Force (p,coswt)

The response to cosine loading can also be found in similar manner. In this case, the coefficients of
particular solution (G, and G,) will be as follows.

_ Do 28B

= A=+ (28p)
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_Po 1 _.[))2
Tk (1—- B2+ (28B)?

G,

The steady-state response would be
u(t) = %0 Ry, cos(@t — 6,) = u$R;, cos(wt — 6,)

Where R, and 6, are the same as derived for sinusoidal force. This similarity in the steady-state
responses to the two harmonic forces is not surprising since the two excitations are the same except for a
time shift.

2.6. Response to Periodic Loading

A periodic function is one in which the portion defined over T repeats itself indefinitely as shown in the
figure below. Many forces are periodic or nearly periodic. Under certain conditions, propeller forces on a
ship, wave loading on an offshore platform, and wind forces induced by vortex shedding on tall, slender
structures are nearly periodic.

(4

pit)

W
‘%T%T——»\e——‘r

A periodic function p(t) with a period T

2.6.1. Fourier Series Representation of a Periodic Function

Any arbitrary periodic functions can be represented in terms of a summation of simple sine and cosine
functions.

p(t) = a, + Z a, cos(nwt) + Z b, sin(nwt)
n=1 n=1

Where @ = 2r/T.

The right hand side of the above expression is called “Fourier series”, i.e. a periodic function can be
separated into its harmonic components using the Fourier series.

This concept called Fourier decomposition was first proposed by Jean-Baptiste Joseph Fourier, a French
physicist and mathematician (1768 - 1830), lived and taught in Paris, accompanied Napoléon in the
Egyptian War, and was later made prefect of Grenoble. The beginnings on Fourier series can be found in
works by Euler and by Daniel Bernoulli, but it was Fourier who employed them in a systematic and
general manner in his main work, Théorie analytique de la chaleur (Analytic Theory of Heat, Paris, 1822),
in which he developed the theory of heat conduction (heat equation; see Sec. 12.5), making these series
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a most important tool in applied mathematics (Erwin Kreszig, Advanced Engineering Mathematics, 10"
Edition).

The central starting point of Fourier analysis is Fourier series. They are infinite series designed to
represent general periodic functions in terms of simple ones, namely, cosines and sines. This
trigonometric system is orthogonal, allowing the computation of the coefficients of the Fourier series by
use of the well-known Euler formulas. Fourier series are, in a certain sense, more universal than the
familiar Taylor series in calculus because many discontinuous periodic functions that come up in
applications can be developed in Fourier series but do not have Taylor series expansions.

The underlying idea of the Fourier series can be extended in two important ways. We can replace the
trigonometric system by other families of orthogonal functions, e.g., Bessel functions and obtain the
Sturm—Liouville expansions. The second expansion is applying Fourier series to nonperiodic phenomena
and obtaining Fourier integrals and Fourier transforms.

In a digital age, the discrete Fourier transform plays an important role. Signals, such as voice or music,
are sampled and analyzed for frequencies. An important algorithm, in this context, is the fast Fourier
transform. Note that the two extensions of Fourier series are independent of each other.

Fourier analysis allows us to model periodic phenomena which appear frequently in engineering and
elsewhere—think of rotating parts of machines, alternating electric currents or the motion of planets.
Related period functions may be complicated. Now, the ingenious idea of Fourier analysis is to represent
complicated functions in terms of simple periodic functions, namely cosines and sines. The
representations will be infinite series called Fourier series. This idea can be generalized to more general
Fourier series and to Fourier integral (Erwin Kreszig, Advanced Engineering Mathematics, 10™ Edition).

e NIl \/\/ X %% J
0 n 21 n\/Zn o\/\zy\/zn

cos X cos 2x cos 3x

YA S AN A U A WAANE.
Sur i v v A VY

sin x sin 2x sin 3x
Cosine and sine functions having the period 2

If p(t) is given, the coefficients a,, and b, can be determined by simple integrations as follows. The
expressions are called Euler formulas.

[roee=

a, + Z a, cos(nwt) + Z b, sm(nwt)l dt =a,T

1 t=T
a, = ?ft p(t)dt

=0

Similarly,
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t=T

fttﬂp(t) cos(mat) dt = f

=0 t=0

m=1 =1

t=T
ZJ p(t) cos(mat) dt

Ay = =
=0

T

Similarly, it can be shown that,

2 t=T
by, = —j p(t) sin(mwt) dt
TJizo

a, + Z a,, cos(mat) + Z by, sin(m@t)l cos(mat) dt = %
=

Orthogonal Vectors and Orthogonal Functions:
a and b are orthogonal vectors if, a. b = o, or [a]t[b] = 0.

If @ and b are any functions of time t, they will be orthogonal functions if,

t=T
f a(t) b(t) dt
t=0

Fourier series is a series of orthogonal functions i.e.

t=T/2
f cos(nx)cos(mx) dx =0, n#m
t=—T/2

t=T/2
J sin(nx) sin(mx) dx =0, n#m
t=—T/2

t=T/2
f sin(nx) cos(mx) dx =0, n#m
t=-T/2
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Simplifications: Even and Odd Functions

If f(x) is an even function, that is, f(—x) = f(x), its Fourier series
reduces to a Fourier cosine series

fx) = ag + 2 ay, Cos %x (feven)

n=1

with coefficients (note: integration from O to L only!) Even function

1
Qg =

. 2 - nrx
3 J f(x) dx, a, = — J f(x) cos I dx, n=

L
0 0

If f(x) is an odd function, that is, f(—x) = —f(x) its Fourier series
reduces to a Fourier sine series

flx) = E by, sin %x (fodd)
n=1

with coefficients

by, =

o~

L
J f(x) sin %(lx.
0

1,9, &

Odd function

Summary

Even Function of Period 2. If fis even and L = 77, then

f(x) = ap + >, aycos nx
n=1
with coefficients

w m

l W 2
ap = FJ fxydx, a,= EJ J(x)cosnxdx, n=1,2,-
o 0

0Odd Function of Period 277. If fis odd and L = 7, then
flx) = 2 by, sin nx
n=1

with coefficients

m
b"Z%J f(x) sin nx dx, n=12---.
0

Example:
Consider a periodic square function as shown below.

_(k  forO<t<m
p(®) _{—k forn<t<27t}

®
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PLt)

/N kR : k.

:

~-R -k

A periodic square function

Conducting the integrations using the above equations, we obtain,

2k
This is,

b1=?, b2=0, b3=_
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The first three partial sums of the corresponding Fourier series of the given square periodic function

The series coverage quickly to the square function.

Theoretically, an infinite number of terms are required for the Fourier series to converge to p(t). In
practice, however, a few terms are sufficient for good convergence. At a discontinuity, the Fourier series
converges to a value that is the average of the values immediately to the left and to the right of the
discontinuity.

Therefore in many practical applications, it is not necessary to evaluate oo series. Only a finite series is
good enough:

p(t) = Z b,, sin(nat)

n=1

When N is large but not «. Since b; = 2k/in fori =1, 3,5, ..., we can also write the function p(t) as
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N

. ~4k Z 1 . (@)
p()~n nsmnw

n=1,3,5
Function Trigonometric Fourier Series
f@
Square wave: @, =
A |—
! 4, Aism( (2n- l)a)o )
0 % T 2 T =
2r
1) Pulse wave: o, = T
A sin ( nx d)
Ad 2A4d & T
t fle)= nzzl: e cos(na)ot)
0 d T r
f@ o
A Half wave rectified sine wave: o, =
/\ I A A 24& cos(Zna)o )
0 £ T 3T f(t)==+=sinw,t-—) ————=
2 5 T 2
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f®

T o 4n* —1
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Full wave rectified sine wave: o,

()= 24 443 cos(na)ot)

T w45 4t -1

T

A A& sin(no,t
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2r
Sawtooth wave: o, =

Triangle wave: o, =

f()= 4 44 cos((Zn

2
2 7w
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A periodic excitation implies that the excitation has been in existence for a long time, by which time the
transient response associated with the initial displacement and velocity has decayed. Thus, we are

interested in finding the steady-state response.

Response of a periodic loading = Response to the Fourier series of the loading

By Superposition, we can say that the response of a periodic loading = the sum of the responses to each

sine and cosine loading in the series.
Superposition:
Let u, be response to p,(t) loading i.e.

mii; + cuy + kuy = p(t)
And u, be the response to p,(t) i.e.

mii, + cu, + ku, = p,(t)
Then u,; + u, is the response to p, (t) + p,(t).

m(ily +1iip) + c(iy +Up) + k(uy +up) = py(t) + p(t)

2.6.2. Steady-state Response to Periodic Loading

Consider an SDF structure is subjected to a periodic force.

p(t) = a, + Z a, cos(nwt) + Z b, sin(nwt)
n=1 n=1

a,
Upa = 7

k

Define 5, = nw/w and use the result obtained from the previous section.

»n = Steady-state response to b, sin(nwt).
1

1—B,%) sin(nat) — 2B, cos(nawt)
3 (1 Ba®) + (26B,) ( ) }

bn( )

{Zfﬂn sin(nwt) + (1 - ﬁnz) cos(n@t)}

Ugn @®) =

an 1
k(1= B,2)" + (26B,)?

The combined response would be,

u(t) = {(an 28 + bp(1 - an)) sin(nwt)

04
’ Z(1—/3,3) + (2£B,)?

n=1

+ (an(1- [)’nz) — b,2EB,) cos(nat)}l

Example 1:
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The steady-state response of an SDF structure subjected to the square periodic function described above
would be

N
Do 4 1 1 L _
u(t)—?— Z - - [(1 - B,?) sin(n@t) — 2¢B,cos(nat)]
T s (1- Bn) + (2§n)?
Example 2:
Show that
fiz) fiz)
I _ e
i O O S A T
1 Dexem # O<xzem
fz) = x| = = fiz)=|x|= =
-1 —-m<x <0 - —m=x <0
B 4{5111}{ sm32+sﬁ15x+ ) =E_i(cnsx c053x+|:1:|55x+ )
B 3 507 2 ono 23 st
fz)
A

=2 (-mexacm=

_ 5 (sinx_sin 2X+sin 35{_.”}
1 2 3

Example 3:

Response of an SDF structure with w =5 rad/sec when subjected to a periodic loading of triangular
waveform (w = 1 rad/sec)

Inputs:
w=1 w=5 pi=w/w= 02 f;3=3w/w= 06,8 =5w/w=1,..

For B term, the response will be dominated by resonance response at frequency 5.
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Le—- Output
, Input
. s
= l/ I

IR

An example steady state response of an input triangular force

Example 4:

An SDF system with natural period T and damping ratio ¢ is subjected to the periodic force shown in
Figure below with an amplitude p, and period T.

a) Expand the forcing function in its Fourier series.

b) Determine the steady-state response of an undamped system.

c) For T/T = 2, determine and plot the response to individual terms in the Fourier series. How many
terms are necessary to obtain reasonable convergence of the series solution?

p
A

Do

-T -T2 0 TR T 2T

Example 5:

An SDF system with mass m = 2000 Kg, stiffness k = 800000 N/m and damping ratio ¢ = 0.027 is
subjected to the periodic force shown in Figure below.
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p,= 1000 N

Compute, plot and discuss the steady-state response and compare with previous example with harmonic
loading. @ = 2nf = 2m/T. Consider the same three cases.

a) f=05f
b) f=f
c) f=2f

Where f is the natural frequency of the structure. Use at-rest initial conditions (i.e. u(0) = 0, u(0) = 0).
Plot the response in each case and find maximum displacement, base shear and base moment.
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Fourier series of some periodic functions

)
Function: %
a for0<x<m , . ‘ |
—a for—-m<x<0 . ' : X

re ={

Fourier series:

4a /sinx sin3x sinb5x )

f(x)=?a(1 Tttt

. f&)
Function:
i e T
a ford<x<m-—d o o
= §sored 3n b
fx) {—a form+d<x<2m—d 1 n P ‘ 3 .
-7 0 = | 11 2= 2
: L o
d
ap
Fourier series:
4a _ 1 _ 1 _
fx) =?(cosdsmx+§cos3dsm3x+§c055dsm5x+---)

/&)

-7 0 n
—ig i

Function:

()_{a ford <x<2m—d
fe) = 0 for0<x<dand2m—-d<x<2m

2 3n
d L

Fourier series:

f(x)=?

2a (m—d sin(mr—d) +sin2(n—d)
5 T cos x 3 c 3

in3(r—d
Oszx_w+...)
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feo
Function: Y N—
2ax LB LY /\n /\z
— for—=<x<— : — #
f(x) — T 2 2 - 0 14 2n
2a(m —x) LI 3 2
- forz=x<3
Fourier series:
() = 8a (sinx sin 3x 4 sin 5x )
F =5 32 52
Function: f&
"y @ SN
ax -
— for0<x<m '
(x) = T -
f a(2m — x) cx<? ' R
T form<=x<2m - 0 4 2n 3n
Fourier series:
( )_a 4a<cosx+c053x+c055x+ )
) =5-27 32 52
Function: )
' s " '
ax - : '
=]= —_—r<x< / . /
f(x) {n for—m<x<m : : : %
=1 0 4
L -a

Fourier series:

2a /sinx sin2x sin3x

f@=£(1— 2 T 3_”)
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Function:

QF=so=sav
ax for0<x< /
f(x)={? ori=x=m 3 :

0 form<x<2m

X
s 0 T
Fourier series:
()_a 2a(cosx+cos3x+c055x+ ) a(sinx sin2x+sin3x )
f=3-77 32 52 7\ 1 2 3
Function:
f(x)—{% for0<x<2m
~ Lr
-n
Fourier series:
()_a a(sinx+sin2x+sin3x )
@ =5-2(7 2 3
f&)
Function:
at-
ax
( = —-b<x<bh
d b b T 3n "
a <x<m-— =
Flx) = {a(n_x) 7 0 2n
—a form—b<x<m+b
—a form+b<x<2m—b o

Fourier series:

fG) =2

Find yourself
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_ Sx)
Function:
a b o=
_f(asinx forO0<x<m
f(x)—{ 0 form<x<2m
E X
- 0 T 2n 31
Fourier series:
( )_2a(1+nsinx cos2x cos4x cosbx )
= 3t 2 T 1x3 3x5 5x7
. f&)
Function:
a
acosx forO0<x<m '
f(x)_{—acosx for—m<x<0 \
X
0
Fourier series:
() = 8a<sin2x+ 2 sin4x 4 3 sin 6x 4 )
fo) = T \1x3 3x5 5x 7
. (x)
Function: A
w2
fxX)={x* for —-m<x<nm
} X
- 3n
Fourier series:
() = w? 4(cosx cos2x cos3x )
f) =3 1 22 32
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Function:

f(x) ={alsinx| for —m<x<m

- 0 4 2T 3n

Fourier series:

2a  4a <cos 2x cos4x cosb6x )

fO =Tz axs tsx7 T

Mean Value Convergence Theorem:

If a periodic function f(x) with period 2Ljs piecewise continuous over the

interval [_L' L], the Fourier Series of f(x) converges to the mean value

1
S A+ (=)
2 at point Xwhere both the left-hand and right-hand

first derivatives of f(x) exist.
Important: For non-periodic functions, one can argue that they are periodic with

an infinite period, that is, £ — ¢, The Fourier Series then becomes the Fourier
Integral.

2.7. Solved Examples: Response of SDF Systems to Harmonic
and Period Loading

Example 1: The SDF structure in Figure below is excited by a lateral dynamic force P(t). The mass of
the structure (m) is 4000 kg. The lateral stiffness of the structure (k) is 2 x 10® N/m. The critical damping
ratio (¢) of the structure is 0.03.

Pey
» 2 £ =0.03
m=4000k3
£k ik K=20x100us

2 2

TI7TTTII7? 7777777777777 7777 72777277777

The force-time history of the dynamic force P(t) is shown in Figure below.
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Pet) = B (2 - Cos (21L))

P

A where P =2000n .and T, = 0.26 sec.

IR

2000 N -

; |
; |
' 1 —
T ’ w7

! 0.26 sec Qo (4

Assuming that the structural response to P(t) has already reached the steady state condition, determine

the maximum lateral displacement of the SDF structure.

Note: The dynamic force P(t) = P,(2 — cos(2mt/Tf) in the above figure can be treated as a superposition

of a static force 2P, and a harmonic force F,cos(2nt/Ty)

Solution:
249, .
m= 4000 ke
. K= 2,0%/0%N/m
. kyp ~§003
R T s S

P(‘f) = E (2 — S &)Ft) = _’gfo’:— i?? COS,C;_JFt_

S
z ~ Qmavw.'c fovee
Stakic Forae

Resparse to fle Stalic Fovee A
G, = 2]%# = 27‘2000/2‘0.‘/06/\/ = 0.002 m
s

Max. Kzspmu& to The Dyremc Force :
%i)max . 7}2‘?— D
1

heore D =
w (1_B2)2+ (ZEﬁ)l
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(5: &)F/&),L

We = 2ﬂ’/1}=
g, = ﬁ/;='/?‘;/i;oo: 22.36 vedprt

wF/(Jn, = 1050?

oWfhos = 24.166 redfoen

e = B
= //’—’—"
D = (1«/,030?2)?;L (2%0,03%/.080?}
-3
= 00 * 5,558 = 5,5655%(0 m
Ud, max %:%/’0’6’

Max. (drol D,'SPWJ/M it *
Umsx = U F ud,rmx‘: 0.00756 m

Example 2: For the same case of example 1, Now, suppose that it is necessary to reduce the maximum
lateral displacement under this dynamic loading to approximately one-third of the above value, and there
are two schemes to be considered for this purpose:

Scheme 1: The first scheme is to increase the lateral stiffness of the structure. This can be done by
stiffening the columns. However, due to some practical limitations, the maximum stiffness, after the
stiffening process, will not be higher than 1.2k, where k is the original stiffness.

Scheme 2: The second scheme is to increase the structural mass. This can be done by attaching an
additional mass on top of the structure. Again, this scheme has a limitation. The additional mass must not
be greater than 1000 kg.

Which scheme will you choose? Why?

If you choose the first scheme, what is the minimum additional lateral stiffness of the structure required to
achieve the target reduced response? If you choose the second scheme, what is the minimum additional
mass required to achieve the target reduced response?
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Solution:

Consider 9 Schemes fo redues He max. LJLWQ d/SW '

#1 Tnowase the (afeved s htran .
#2 Tnowut The Sl MesS.

Sthouny #4—
thow
If fla Stifivess 3 jnereased. Fo 1.2K ,

/ E = 4.2)(2 , - .
wn - 1_.2./(/

' = g
= OFfol= 2416820404 T 0.986
_ 5y

= /(1—0.9865 )’} (270.03%0. ?865)
L fearible gt for o skiflewing

D . F——’Jf’T

SN STON

I P’swf;/&}m

_F”."—/’LT.‘\’L%O\Z
0.9865 " P er orienal shudlung. otk

17

ﬁt for shuclurne cntetZk
reduchion in tle LathAAs‘o\aCememf

(n &

TLU' schowns wll ot ad o
beooune.  Heo oose in Kee

i
ra.pid inceosl (n e D\,\/\/NVV\‘
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Schome % 2

_____.f—————"/.

Mlig Moss — > Reduce Hra nafurml froquady )
R.o.du.o.o_\l/l&n DWC Maoxw‘é'@»bbﬂ Fackov.
v
Roduer. Ut (alivel Rerponie
_3

p— - 9
mfm%(b&& mox, dodied- veporse = é,xo«oo*{sgm 2,5240 m

-3
The stetic Resporst (Jg = 2.0 (07 m

be
L The mes. WC rospot Wy, max ;keuM ]
T, ™ 2§2><(63—2o></o = 0.5240 "M
)M
ccsd ( hhfﬁwu;, o,
Vf/ T D/ = ZOOO%D/s (%{0 D
Uq o< = /z ; 208
-3
/ =
Hutt pf= a0 = 082
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M D/ = (1_ [3/9_)2_+ CZ%P/)L

G L M

2

0 { % 1,2 = '1.0/0522 = 3é9g
(1~ 8% (27003 P)
p/ = 1708
" _ jaqyd redfe

5 G = &)F/@/ = 04.166/;708 = !

6
- ‘ - k= 20%0

(o = J’nk?/ o TT W Taaee?

m/= 9990 K
Reguned Addibonad Msss o aclieve fho fm?&dW

9900— 4000 = 5990 kg > 100043 .

—
=t
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Try the max. addihomag mass of 1000 &9,

W = /@ = 200 redfse
* Looo + 1000

(5’5 24.166 /0.0 = 1:2083

D = 2.1474
-3
%Z;mxz 4107‘/0—%‘ 214746 = 2,14»7%/0 m

Yoraie = 20 ></53+2,7z,47>«/53: 4.147%/0 "
whic 1s abeek 55 % of T On'ﬁn‘n«ﬁ welue.
Not a5 lows as 33% (an reqpired)
W f(’/Sth‘powbee b acluere
s scheme g2 /s dofinitely bllec thaw fho hame &1,
So/ we  sherdd Selocl schowso #2,

Example 3: The structure shown in Figure below is composed of a rigid slab and two supporting steel
columns. Each of these columns has a hollow circular section with external diameter of 0.300 m and
internal diameter of 0.276 m. The connections between the top slab and the supporting columns are
hinge supports, while the connections between the columns and the rigid floor are fixed end type.
Important structural properties and dimensions are presented in Figure. The critical damping ratio of this
structure is 0.03.

Compute the natural frequency of this structure. Note that the mass of the columns is very small when
compared with the mass of the platforms, so the effects of column mass can be neglected.

Suppose that the structure is subjected to a lateral periodic ground displacement u,(t) shown in Figure.
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0.50m | Y RIGID SLAB 50, 000k T
oogg':j%_’___‘ é\ Hinge Hinge ’?@
Steel Column Steel Column

£=0.012m

seckion @@
Hollow Cirelav Sechion

030m
3.%0m 1(__’1 1T
G 4|

‘ AN q g
7777 7TT77777 7277777777777 7777777777777 77777777 7 7777777777
RIGID FLooR

A rigid slab supported by two steel columns

Before the application of this ground displacement, the structure is at rest i.e. it has no initial displacement
or motion. The response of interest for this loading case is the steady state response.
Find the maximum lateral displacement of the rigid slab relative to the ground.

Find the maximum shear force in each column.

Find the maximum bending stress in each column.

Note that it is not necessary to compute the “exact” values of these responses. Approximate values with a
reasonable accuracy (say, within 5% error) are good enough.
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TTTTIT7 7T 7T 7777 7 7777777 7 777777

B ?19 (t)

>

Uyt

0.004%m

U= th (1-(222)

where U, = 0.002m and Tg= 0.753ec

P

4.0 075 1.50 '
T, sec

Harmonic ground motion at the base of system

Now, suppose that the maximum displacement and bending stress in this loading case are too high, and
it is necessary to reduce these maximum responses by at least 30%. Two schemes to reduce the
responses are proposed:

Scheme A: Add rigid mass of 30,000 kg to the top rigid slab as shown by Figure. The added mass is
firmly locked to the slab. By this scheme, it may be assumed that the critical clamping ratio remains
unchanged (equal to 0.03).

Scheme B: Replace the supporting columns by two new steel columns as shown by Figure. The cross-
sectional properties of new columns are identical to the original ones [external diameter of 0.300 m and
internal diameter of 0.276 in]. The connections between columns and rigid slab and rigid floor are fixed
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end type. By this scheme, it may be assumed that the critical damping ratio remains unchanged (equal to
0.03).

Determine the effectiveness of each of these two schemes.
Which scheme should be adopted?

What are the maximum displacement responses under the adopted scheme?

| Added Mass 30,0004 |
l:f.-~. '__J f _ 050m
\g ‘-I—T‘
3Iom
- I
10000r 4l /1 4 7777 7 777/7 777777 7777////7/'7/-//7/
Scheme A Scheme B

Proposed schemes to reduce the maximum responses

Solution:
Steel. Columuls Cross Sectimal Fopedies
50,0004 4
T O =g
= 1 (030%0276")
To= 4.1276<16" mé
E= 20%10" Nmt

K = 3ELx = 3% 2.0x10"x{AZH 0" = 1,5%8<10° Mfy
L2 35’

[7 77 TTTTTTITITCT

£= Lo = Ly 157805 12044 bz
oo VM 2 N 50,000 -
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Loodting Case 2 Uplt)= Up(1- Co5(H) , Up= 21y
—1

7){3((’)-‘- O + wguoﬁfnwgf

Ulo= ot
<> Uy () Effective Force = -m7/3(f) = %@swg

’%:0"-}5 y 0)3: 9-11/1'9: 86716 md/% / Up=0.002 M

B= 50,000% §.33%%0,002 = 70184 N _

e ol = 8376 - 83776 = 10545
B G/l ToTxlokt T 7.0488 ——

(1- f%)+(a.§(3) J(1 105459 (220,037,050 )
= 778
= Trommrom T L

Unse = FO1B8% _xD = Fo18¢ x 1.78
i 215710

g = 0.0173m _ Max. laleal De
#———*——‘ﬁ——'——_

KelWmy = 273016 K

Mg = 27301 6*351595 f 5;:{ _ 42744108 w2 Max. Shew
216X -
T, = 95/555:570- 12,71 e
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Conaidor Schome AvB tore fe O e
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or{.678X10° =

O = 80, 000
p-> @ = 8.3?%/5.231: 1.%3%

D> p' gomox83Tr0002= 1H25 "
o 1 _ 1.2%

- 4 =
D> U= roggme ooot

U = T xD = 14,2295
2Ke 5% 1578%10°

6. 281 Wd/see,.

-3
x 1.2%6 = 4.54%0M < 0.7%0.0173

23,4 X [0°MmE £ 0.F7 121U

Olm;)c = 12?-1K106a{4.54»€|(—) =
0.0173
This Schowwe 15 eflective. !

Ke—> Kg = 5.543%0° Mt

Wn—> (3, = [ 275343%10° = 14,62 rodfsee
50,000
0.575

B— B’ = 8577/ /1442 =

R>R = 50,000% 8.3776% 0.002=  3018.4
/4 _
D=0 = : 31— 0451+ 0.0012

(1-0573")+ (2x0.03%057

- 1487
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~
ugu - D= Folgt _x 148F= w
2Kp 0 %5.34%#(0° —
Max: Shear = Kglmye = 9218 N
Max BM = 5218% 3.70/2= 96526 KM
ngx = 0453.4x015 = {2.8%10° N/m?

ATt —
This gchome B 15 also ellective.
Tt io evow mune efeetive thaw schowe B
P of Thase two schamos Can be addepest!

MMP T e

U

Example 4: A single story building shown in Figure below is subjected to a lateral periodic force F(t). The
building top mass (m) is 13,000 Kg. The combined lateral stiffness of supporting columns (k) is 6 X
106 N/m. The critical damping ratio of the building is 0.01.

Fee
m = 13,000k |—>

£ =001 k= 6.0%0 N,

TRI7777 P77 PP 7 77777 P P?777 7777777

Assuming that the response has already reached the steady-state condition, find the maximum lateral
displacement of the building.
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F(®

14000 N

6000 N-

' ! 4 | ! R
0.13 026 039 o052 0.65 0.7 €, sec

Note: The dynamic force F(t) in the above figure can be treated as a superposition of a static force of
10,000 N and a square periodic force function f(x) as shown below (x = @t).

F@

14000 N |
6000 N4
! | | | } } t.s
of3 026 039 o052 065 0.7 gaes
Constant force
10000 N
(i | | | ! ! By 5
013 026 039 o052 065 0.7 e
f(x)
+ - .
Periodic force
4000 N
ol3 olze ol39 ol2 ol¢s ol £, sec
-4000 N

ey = it 8 °' B

4 x 4000 (sinx sin3x sin5x = >
/i1

Dynamics of Single-Degree-of-Freedom (SDF) Systems 115



Part 1 - Structural Dynamics — The Basics

Solution:

;,M?Z,, story Mlo&'v
m= 13,000k
k= 6x10%Nm

= J;é:-—: 21.48 f"d/w
f = 0%71: 3.419 Hz
T= 1 = 029255 g =001

14000 —V——Lm

F¢+ ) Pe W'C/

L > ¢
Y ,
Penodic F (+)
%}“\
i > ¢
—‘ioco—;L L"‘ .
+
Canstant loddivy
10000 e
R
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seadystale response fo the cemstand load(n9
. 166TR[6°
= 10000 N 6%(0° l/m E
Periodic bo‘aoh\wo, F(*) CaM,loQ PNW b}/
Z b Sm(ncot)

E't) =
Where b‘._. 4,(4000//"’ ; 5093 N

be= © N
ba= 4x4000/3q = 169% X

bt = ©
pen‘ad of r-cm'odiﬁ foree. T = 0.26 see

f= 4/1*- = 3.846 Hz

/&\aa% 2f
: T lavge Dyn. factor SbuLy,

né-““"‘ff*"’ (ow D)“.fa.c'(bl"

3. HIHZ
tude to the fivst harmontc

Awf‘\ %— =
{
; A:‘ %: 1.1248

D,= 3.756
=0
= K07 m
Qi ’2’[,53’2‘
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3 a0
' : (33._. 3{/8_: 3.37"/’?‘
DA (1—-[53 (Zgw iw

by = 0.0963

e
124-><!0 m
= 1698 %0.0963 = 3,/’~—gz:"4a=-ww‘
T reri

fle MoaXTmusmm (Lo yel ob‘ﬁo&cewxw /'o ‘ﬂ~.o. [,oaolux (one ] /5

' 3
' P goszaon G
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2
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2.8. Response to Impulse Loading

Impulsive Shock loads, short duration loads.
Impact, blast wave, explosion
truck/auto mobiles/travelling cranes

The study of impulse response is also important for the analysis of response to arbitrary loadings.
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Pty step impulse

/\/
-

, Rasponse
)4 :
\ de cayecl
0Scilletion
Mo lo3d

at

&
|

V
o+

< T =

- L./phase 1 : loading phase
| i‘(——— Phase I : Free vibvatioun phase —__..>

Impulse force: magnitude = p,, startatt =0
Duration = At, where At/T <<1

Structure: initial at-rest u(0) =0, 2(0) =0
Phase 1:

The particular to a step loading is simply a static deflection:

up(t) =po/k

@lf) A
Py ’

Y
o

K— AL R—

This solution satisfies the equation of equilibrium.

U,(t) =0
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i, (t) =0
Putting in equation of motion,

0+0+k%=p0

A general solution
u(t) = up(t) + up(t)
u(t) = %" + e~ [A sin(wpt) + B cos(wpt)]

Where

A and B are determined such that at-rest initial conditions are satisfied.

u(0)=%"+3=0

_Po
k

1(0) = wpA —EwB =0

B =

wB
A=§
Wp

So we obtain (in the range 0 < t < At)

u(t) = %O + e~éwt [—

SwBp, . Po
oy k sin(wpt) . cos(wpt)

Next, due to fact that At/T << 1land¢ <<1

Po_Po

ul®) ~ 37—

cos(wt) =~ I;(_o (1 — cos(wt))

Phase 2:

wo \oad © Fvee vibvation

- Respovse depends on the
/ at £ = At initial conditions

/ >t
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u(t) = pf (1 — cos(wt)), u(At) = % (1 — cos(wAt))

u(t) = %"(w sin(wt)),  u(At) = %"(sin(wm))

Employing Tylor’s expansion:

3 05
sm9=0—§+§ ......

0% 6%
cosf = 1—E+Z ......

For small 8, by neglecting the second order term and higher terms, we get
sinf = 6, cosf ~1
Introducing this approximation in above equations, we obtain
u(®) =0

w?At At
u(t) = Po _ Po
k m

poAt is an impulse.
The above equation says that impulse = the change in momentum (of the mass)

The impulse introduces “momentum” into a structure but the duration of impulse is so short that the
displacement has not been developed yet.

Using the above two equations as the initial conditions for free vibration in Phase 2,

u(At)

wWp

u(t) = et sin wp (t — At)

Since At/t << 1itisjustified tolett — At = t that is

DoAt
u(t) = e~$ot sin(wpt
®) may (wpt)

The above equation will be used when we analyze the response to arbitrary loading in the next section.
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N
Yo é,:(gwt. Folt ) Sinpt
K ™o
> €
At

2.9. Solved Examples: Response to Impulse Loading

Question 1: The structure in the following Figure is composed of a top lumped mass, a supporting steel
column, and a lateral coil spring. The column has a hollow square section as shown in the Figure. The
mass, stiffness of the coil spring, and other important structural properties, as well as key dimensions, are
all presented in Figure. The critical damping ratio of the structure is 0.03.

(a) Find the natural frequency and natural period of this structure.

0.20 m

0.01 m>j- 0.50m

Steel

col
Section @-@ 2.50m o

—z7r777)

Rigid Ground

Suppose that the structure is subjected to a lateral force F(t). The time history of F(t) is shown in the
following Figure.
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TrrI7777777777 777777777 777774

Ft) Excitation Case
, Rectangular Pulse
5000N
o) 0.08 Sec. t P

Before it was subjected to the excitation, the structure was in the rest condition.

(b) Find the maximum lateral displacement of the top mass.
(c) Find the maximum bending moment and shear at the column base.

(d) Find the maximum stress in the column.

(e) Find the maximum force in the coil spring.
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Exact Ms(mowa&'vg W‘ng)
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2.10. Response to General Dynamic Loading

2.10.1. Duhamel’s Integral (Convolution Integral)

.4 >t
k—t =k _%9 e’iw(t't) P).dT, Sin wplt-T) )

l © MW

/\ /\’:>zﬁ
T T

e A general dynamic, loading = A series of short Impulses
e Each impulse produce its own response
e The sum of these responses = the response to the dynamic loading

A force p(t) varying arbitrarily with time can be represented as a sequence of infinitesimally short
impulses.
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- \ / =t

du A Response to impulse 1

du A Response to impulse 2

du i Response to impulse at T

u , Total response

Let du(t; 7) is the response of a linear dynamic system at time t due to impulse p(t)dr at time 7.

du(t;7) = p(r)dt h(t — 1)
Where
e—fa)(t—r)
h(t—1) = TsinwD(t—r), t>1

D
0, t<TtT

h(t — ) = unit impulse response (or response to unit impulse applied at t = 7).
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By means of superposition the total responsive u(t) can be obtained by summing all impulse responses

developed during the loading history.

t

u(t) = J-p(r) h(t — 1)dt

0

The integration is called “Convolution Integral” in general theory of mathematics.

Putting the unit impulse response yields the “Duhamel Integral” in structural dynamics.

t

1
— f p(7) et sinw, (t — 1) dT
D
0

u(t) =

For an undamped system, Duhamel integral becomes,

u(t) = meD f p(r) sinwy (t — ) dr
0

In above equation, it is assumed that the structure is initially at-rest condition i.e. u(0) = 0, i(0) = 0.

For other cases, additional free vibration response must be added to the solution.

4(0) + u(0) Ew s
——S§

wWp

u(t) = e~fwt
0

In the following investigation, the initial at-rest condition is assumed.

inwpt + u(0) cos th] + J- p(t) h(t — T)dT

Duhamel’s integral provides a general result for evaluating the response of a linear SDF system to
arbitrary force. This result is restricted to linear systems because it is based on the principle of
superposition. Thus it does not apply to structures deforming beyond their linearly elastic limit. If p(z) is a
simple function, closed-form evaluation of the integral is possible and Duhamel’s integral is an alternative
to the classical method for solving differential equations. If p(t) is a complicated function that is described

numerically, evaluation of the integral requires numerical methods.

Using the trigonometric identity, the integral equation of response (at-rest initial condition) can be

expanded to the following.

sin(wpt — wpt) = sin(wpt) cos(wpT) — cos(wpt) sin(wpT)

t

1

mwp
0

u(t) =

t

t
u(t) = pr(r) e =501 cos(wp1) dt| sin(wpt) — pr(r) e~ sin(wp1) dr| cos(wpT)
map D D map D D
0

0
u(t) = A(t) sinwpt — B(t) coswpt

Where

f p() e @D [sin(wpt) cos(wpT) — cos(wpt) — sin(wp1)]dT
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1 t eEwT
A(t) = m_a)D(JO p(‘[) m COS wpT dT)

1 t efwr
B(t) = m—wD(JO p(t) pro sinwpT d‘[)

For undamped case,

A(t) = L tp(r) cos wt dt
mw \ Jo

B(t) = % <jtp(t) sin wt dr)
0

The terms in brackets in above equations need numerical integration.

Simple Summation, 'f(t)
J;f(f)dTEAT(fo‘Ffl + o+ fat+ - fuon) : 4”‘ o7 o
&/ .
;F' j- AR
Where f; = f(i, AT), AT = t/N 1% T

Or by Trapezoidal rule,

¢ A
[ r@ar=S Goaiv g +or,
0

+ 2fN—1 + fN)

Where f; = f(i,A1), At = t/N

> T

Consider first the numerical integration of y(t) = p(7) coswt as required to find A(t). For convenience of
numerical calculation, the function y(t) is evaluated at equal time increments At as shown in Figure
below, with the successive ordinates being identified by appropriate subscripts. The integral Ay can now
be obtained approximately by summing these ordinates, after multiplying by weighting actors that depend
on the numerical integration scheme being used as follows:
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p(n) 4

Po 141 P2

cos wr 4

T

HAr-»iv—Ar—»h—Ar*—Ar—»}«-Ar—»{-—Ar-ﬂnj:

p(7) cos wr }
=y(7)

Formulation of numerical summation process for Duhamel integral

Simple summation:

At
Ay = — _
N mw[)’0+}’1+}’2+ + yn-1]

Trapezoidal rule:

At
Ay =

e [Vo +2y1 + 2y, + -+ 2yn_1 + yu]

Simpson’s rule:

At
Ay = %[3’0 + 4y + 2y, + o+ dynog + yw]

Using any one of these equations, A N can be obtained directly for any specific value of N indicated.
However, usually the entire time-history of response is required so that one must evaluate A, for
successive values of N until the desired time-history of response is obtained. For this purpose, it is more
efficient to use these equations in their recursive forms:

Simple summation:
Ay = Ay + 2], N=1,2,3
N — 4N-1 mo Yn-1b — L&y,
Trapezoidal rule:
Ay=A +AT[ +yy], N=1,2,3
N=AN-1 TS YN-1 T YND =145, ..

Simpson’s rule:

At
Ay =Ay_1 + Ime [Yn-2 +4yn—1 +Yn], N =2,4,6,..
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Evaluation of B(t) in can be carried out in the same manner, leading to expressions for By having exactly
the same forms shown by above equation; however, in doing so, the definition of y(r) must be changed
to y(tr) = p(r) sinwt consistent with the equation. Having calculated the values of A, and By for
successive values of N, the corresponding values of response u, are obtained using

uy = Ay sin wty — By cos wty
For critically damped systems,
Simple summation:

At

Ay = e @04, + [yn_1le 5927, N =1,2,3,..

mwp
Trapezoidal rule:

At

Ay = e~$08t4, .+ [yn-1e7%“5" +yy], N=1,2,3,..

2mwp

Simpson’s rule:

AN = e_ZEwATAN_l +

3may [yn_oe 26987 + 4y, 1e7%@AT 4y ], N =2,4,6,...
The expressions for By are identical in form to those given for Ay. Having calculated the values of Ay and
By for successive values of N, the corresponding ordinates of response are obtained using

uy = Ay sinwpty — By coswpty

The accuracy to be expected from any of the above numerical procedures depends, of course, on the
duration of time interval Az. In general, this duration must be selected short enough for both the load and
the trigonometric functions used in the analysis to be well defined, and further, to provide the normal
engineering accuracy, it should also satisfy the condition At < T/10. Clearly the accuracy and
computational effort increase with the complexity of the numerical integration procedure.

The concept of convolution integral will be used again later when we study the response of structures to
random loadings from statistical view point (random vibration theory).

Note: The Convolution Integral is derived based on the principle of superposition. So, it is applicable only
for the response analysis of “linear systems”.
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2.10.2. Step-by-step Numerical Integration Procedures (Time-stepping methods)

e General Dynamic loadings
e Nonlinear Structures

In some important structural dynamic problems, the responses of structures are in nonlinear range. For
example, the response of structures subjected to a major earthquake.

u
= £ e
AR i
i S : N {S‘ L(I'Y\e:f ______
; elastic
: =k
Column ] / S
3 VA W Y W w S v T =2 ﬁ\"u > W
_@ i steel Column
elastp -
R.Cc. Colomn plastic

7 hysteretic  { Covcvete-cvack
‘ Reboar - yrelding
e o u

For nonlinear analysis, Duhamel integral is not applicable. For such cases, we have “step-by- step direct
integration procedures”.

Consider the dynamic equilibrium of a nonlinear structure at time t:

fi(®) + fo(©) + £(8) = p(t)

Where
fi(®) = mii(¢)
fo@@) # cu(t)
Damping force is a nonlinear function of velocity.
fs(u) # ku(t)

Restoring force is a nonlinear function of displacement.
At a same time At later:
fi(t + At) + fp(t + At) + f,(t + At) = p(t + At)

Subtracting the original equation from this equation will yield the incremental form of differential equation
of motion, as follows.
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Afi(6) + Afp(t) + Af(t) = Ap(t
Where

Afi(t) = fi(t + At) — f,(t) = m Aii(t)

dfp ) .
Mo () = fo(t +A8) — fo(6) =~ (ﬁ) A = c(D)il
d
AR (D) = £t + AD) — fu(b) ~ (%)tAu — k(DAu

The later two equations are approximate. They can be used only if the change Au and Au are very small.

We have introduced the following two approximations.

Afp(t) = c(t)Au
Afs(t) = k(t) Au

They are equivalent to the assumption that the damping force and restoring force are linear within ¢t and
t+ At.

£
AN S‘OPG
§-(t4at) M) A rdf ) AP (t)
RS I B =P (£+At) —PLt)
S =R(t)
5 4; | 'f:(wpe
s¢ /i 0t
45¢) 7 AL s _ ™
SR
%
o > U
/ O\ E4
ULL) AUt +AL)

The incremental equation of motion becomes,
m Aii(t) + c(t)At + k(t)Au = Ap(t)

Stepping from time t to t + At is usually not an exact procedure. Many approximate procedures are
possible that are implemented numerically. The three important requirements for a numerical procedure
are (1) convergence—as the time step decreases, the numerical solution should approach the exact
solution, (2) stability—the numerical solution should be stable in the presence of numerical round-off
errors, and (3) accuracy—the numerical procedure should provide results that are close enough to the
exact solution.

There are three common types of time-stepping procedures.

1) Methods based on interpolation of the excitation function

2) Methods based on finite difference expressions of velocity and acceleration (e.g. Central
Difference Method), and

3) Methods based on assumed variation of acceleration (e.g. Newmark’s Average Acceleration
Method and Newmark’s Linear Acceleration Method).
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Here we will discuss the Newmark’s Linear Acceleration Method.

Let’s introduce an assumption that “the acceleration response varies linearly during each time increment”.
This yields quadratic and cubic variations of velocity and displacement, respectively.

LA
o 3 - oF - B f - - A'LL' ¢.C
U | Uk)= ul =
AL
g t+at
l. N t t
GEINAS) Uty = UR)+ Y Urde
’ o
wnlt) Re . . i’ PR
N WlD= uk)+ UrIT+AU.T
1 At %,
/
AU (T)
EY
, L C.
L W) +AU(E) Ult) = ULE) + S.‘U-U?)dc
* (o]
o 3
ve %
' = y + __._-.Au' N
U4) /\\_///——-— UL) = Ul + () THUMLL + 55
[ s |
znele)
At T = At, the above equations for velocity and displacement becomes,
) . Au At?
u(t) = u(t)At + ET
) A% AuAe
u(t) = u(t)At + i(t) - + S
Re-writing the above two equations in terms of Au(t):
At —iA t _5, t) — 3ii(t
i1(6) = 75 Bu(t) = it = 3i(®)
v 3 . At
Au(t) = A_tAu(t) —3u(t) — 7u(t)
The above two expressions are derived from the “linear acceleration “assumptions.
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Let's assume that the calculation is made up to Time =t and we are going to proceed to the next time
stop, t + At.

Hence,

u(t), u(t), it(t) are known.

Au(t), Au(t), Aii(t) are to be determined.
3 unknowns in this time incremental steps,

In fact only Au(t) has to be determined since the remaining Au(t) and Aii(t) can be derived from Au(t) by
the above two equations. In the other words, the “linear acceleration assumption” transforms the problem
of 3 unknowns into the problem of one unknown Au(t).

Introducing the above two equations into the incremental form of governing equation of motion, we obtain,

m AitzAu(t) - A%u(t) - 3il(t)] +c(t) [A%Au(t) —3u(t) — %ﬁ(t) + k(D)Au(E) = Ap(t)

Re-writing the above equation, we get,
k() Au(t) = Ap(t)

Where

k@) = k(t) + Aitzm + Aitc(t)

6 At
AF(E) = Ap(t) +m [Eu(t) + 3u(t)] + (0 [3u(t) + 7u(t)]

By this equation, Au(t) can be computed, and then the other two unknowns (Au(t) and Aii(t)) can be
derived from the expressions mentioned above.

Note:
Two assumptions are used in this step-by- step calculation.

1) Within {t,t + At}, Afp(t) = c(t)Au and Af,(t) = k(t)Au
2) Within {t,t + At}, acceleration varies linearly

These assumptions are justified only when At is sufficiently small, small At > small error.

Although the error in each step is small, the error can be accumulate and become significant when the
number of steps is large.

The accumulation should be avoided by imposing the dynamic equilibrium condition at each time step.
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Calculation flow chart:

y

tme =t w) , Ut) ave Rhown
¥
= et = 1 ¥ :
gvalvste ke = (455) , ce (g{g)t
£5(4) = fo(uw), FHpt) = £, (1)
¥
Immpose dynamic <o _ 4 _ _
e%(ula‘bn'um cond., 7 U (t) = m .['plt) 7Co“) 765(*)]
K =kt)tb.m +3, ct)
at* At
AP = AP+ m[é.-'litt)ﬂii(ﬂ]+C(t)«[37,i(t)+é.t..'!i'(ft)
At 2
Auit) = AP/K
AU = 3. aun) - 31ut) - A 4L(t)
At 2
¥
3 UH+4t) = W)+ AU L)
time = L+t ( J ’
YU(E+AE) = Wl + AUL)

v

Additional notes:

1. Response of any SDF system with any prescribed nonlinear properties can be evaluated by
“step-by-step integration”.
2. Response of linear SDOF system can also be evaluated by the step-by-step integration.
3. To determine At, we should consider :
e The rate of variation of the applied loading p(t)
e The nonlinearity of damping and stiffness properties.
e The natural period of structure (T)

Rule of thumb:
At/T < 1/10
My suggestion:

At/T < 1/30
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4. The step-by-step integration technique will be extended for the calculation of responses of nonlinear
MDF system later. More attention will be paid on the accumulation of error-as it is a major factor in the
determination of At.

n £s
,4./\ need
77 ) a very
small At
/ “u

The choice of At also depends on the nonlinear properties of damping and stiffness

An Assighment Example: Response to General Dynamic Loading

Consider the following SDF system with m = 2000 Kg, k = 800,000 N/m and ¢ = 0.027 subjected to a
dynamic loading p(t) as shown below.

The loading function p(t) is a half sine pulse as shown below.

_ (posin(mt/ty) fort<t,
p() = { 0 fort =ty

p@®
m \ p () A p = 5000 N

7T

~ VY

0 0.3 sec

Consider at-rest initial conditions.

t; = 0.3 sec

Po = 5000 N

Find the displacement response for 0 < t < 2 sec as well as the maximum response.
Note:

You can find the response using two approaches.

Option 1 (Analytical Approach):

Consider this loading as an impulse loading. Divide the response into two phases. Determine the
particular solution for phase 1 (i.e. loading phase) and determine the homogeneous solution as free
vibration response. Plot the response together in both phases. The maximum displacement response can
be in any phase (phase 1 or phase 2).
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Option 2 (Numerical Approach):

In this approach, you have two choices i.e. either use “Duhamel’s integral” (with numerical integration
solution) or use the “Step-by-step Direct Integration” method. Determine the response from both
procedures and compare.

Example:

"m=0.1%g
n

(L

p(f) . 1.2in vmnx

) / -
~6k { >
l Inclastic

—~— displacement

Elasto-plastic stiffness

7
\ Load history
5 A '

T t [, S
0 0.2 04 0.6 0.8

An elastoplastic frame and dynamic loading
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2.11. Earthquake Response of SDF Systems

The ground acceleration is defined by numerical values at discrete time instants. These time instants
should be closely spaced to describe accurately the highly irregular variation of acceleration with time.
Typically, the time interval is chosen to be 1/100 to 1/50 of a second, requiring 1500 to 3000 ordinates to
describe the ground motion.

The governing equation of motion of an SDF system having a natural frequency « and subjected to a
ground motion i, (t) can be written as follows.

i(t) + 2¢wu(t) + w?u(t) = —iigy(t)

It is clear that for a given ii,(t), the deformation response u(t) of the system depends only on the natural
frequency w or natural period T of the system and its damping ratio &; writing formally, u = u(¢, T, ).
Thus any two systems having the same values of T and ¢ will have the same deformation response u(t)
even though one system may be more massive than the other or one may be stiffer than the other.

> /(1)

A
=
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Once the deformation response history u(t) has been evaluated by dynamic analysis of the structure, the
internal forces can be determined by static analysis of the structure at each time instant. Two methods to
implement such analysis were mentioned in Chapter 1. Between them, the preferred approach in
earthquake engineering is based on the concept of the equivalent static force f; because it can be related
to earthquake forces specified in building codes.

fs(©) = ku(t)
Where k is the lateral stiffness of the frame. Expressing k in terms of the mass m gives
1. (6) = mw?u(t) = mA(t)

Where A(t) = w?u(t). Observe that the equivalent static force is m times A(t), the pseudo-acceleration,
not m times the total acceleration ii(t).

For the one-story frame the internal forces (e.g., the shears and moments in the columns and beam, or
stress at any location) can be determined at a selected instant of time by static analysis of the structure
subjected to the equivalent static lateral force f;(t) at the same time instant. Thus a static analysis of the
structure would be necessary at each time instant when the responses are desired. In particular, the base
shear 1, (t) and the base overturning moment M, (t) are

Vp(t) = fs(t)
My (t) = hfs(t)
Where h is the height of the mass above the base. The above expressions can also be written as
Vp(t) = mA(t)
My (t) = hVy(t)

2.11.1. The Concept of Response Spectrum

A plot of the peak value of a response quantity as a function of the natural vibration period T of the
system, or a related parameter such as circular frequency w or cyclic frequency f, is called the response
spectrum for that quantity. Each such plot is for SDF systems having a fixed damping ratio &, and several
such plots for different values of ¢ are included to cover the range of damping values encountered in
actual structures. Whether the peak response is plotted against f or T is a matter of personal preference.

A variety of response spectra can be defined depending on the response quantity that is plotted. Consider
the following peak responses:

uo(T,§) = max|u(t,T,$)
uo(T,§) = max|u(t,T,$)
ito(T,§) = max|i(t,T, )

The deformation response spectrum is a plot of u, against T for fixed &. A similar plot for 1, is the relative
velocity response spectrum, and for ii, is the acceleration response spectrum.
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(a) Ground acceleration; (b) deformation response of three SDF systems with £ = 2% and T = 0.5, 1, and
2 sec; (c) deformation response spectrum for & = 2%.

Pseudo-velocity response spectrum

Consider a quantity V for an SDF system with natural frequency w related to its peak deformation D = u,
due to earthquake ground motion:

V = wD = an
= w = T
The quantity V has units of velocity. It is related to the peak value of strain energy E,, stored in the

system during the earthquake by the equation

my?
ESO = 2

This relationship can be derived from the definition of strain energy and using the definition of V' as
follows:

2

k2 _k(G) _my?

2 2 2 2

ku?
Eso = :

The right side of above equation is the kinetic energy of the structural mass m with velocity V, called the
peak pseudo-velocity. The prefix pseudo is used because V is not equal to the peak relative velocity 1,
although it has the correct units.
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The pseudo-velocity response spectrum is a plot of ¥V as a function of the natural vibration period T, or
natural vibration frequency f, of the system. For any ground motion, the peak pseudo-velocity V for a
system with natural period T can be determined from above equation and the peak deformation D of the
same system available from the response spectrum.

Pseudo-acceleration response spectrum

Consider a quantity A for an SDF system with natural frequency w related to its peak deformation D = u,
due to earthquake ground motion:

a=wp=(2) 0
=W = T

The quantity A has units of acceleration and is related to the peak value of base shear V,, or the peak
value of the equivalent static force f;,.

Vbo = fso = mA

The peak base shear can be written in the form

Vho 7 w

where w is the weight of the structure and g the gravitational acceleration. When written in this form, A/g
may be interpreted as the base shear coefficient or lateral force coefficient. It is used in building codes to
represent the coefficient by which the structural weight is multiplied to obtain the base shear. Observe
that the base shear is equal to the inertia force associated with the mass m undergoing acceleration A.
This quantity A is generally different from the peak acceleration ii, to of the system. It is for this reason
that we call A the peak pseudo-acceleration; the prefix pseudo is used to avoid possible confusion with
the true peak acceleration ii,.

The pseudo-acceleration response spectrum is a plot of A as a function of the natural vibration period T,
or natural vibration frequency f, of the system. For any ground motion, the peak pseudo-acceleration A
for a system with natural period T and damping ratio ¢ can be determined from above equation and the
peak deformation D of the system from the spectrum.
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Response spectra (¢ = 0.02) for El Centro ground motion: (a) deformation response spectrum; (b)
pseudo-velocity response spectrum; (c) pseudo-acceleration response spectrum.

Combined D-V-A response spectrum

Each of the deformation, pseudo-velocity, and pseudo-acceleration response spectra for a given ground
motion contains the same information, no more and no less. The three spectra are simply different ways
of presenting the same information on structural response.

Knowing one of the spectra, the other two can be obtained by algebraic operations mentioned above.

Why do we need three spectra when each of them contains the same information? One of the reasons is
that each spectrum directly provides a physically meaningful quantity. The deformation spectrum provides
the peak deformation of a system. The pseudo-velocity spectrum is related directly to the peak strain
energy stored in the system during the earthquake. The pseudo-acceleration spectrum is related directly
to the peak value of the equivalent static force and base shear. The second reason lies in the fact that the
shape of the spectrum can be approximated more readily for design purposes with the aid of all three
spectral quantities rather than any one of them alone. For this purpose a combined plot showing all three
of the spectral quantities is especially useful. This type of plot was developed for earthquake response
spectra, apparently for the first time, by A. S. Veletsos and N. M. Newmark in 1960.
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Combined D-V —A response spectrum for El Centro ground motion; ¢ =0, 2, 5, 10, and 20%.

The response spectrum for a given ground motion component ii, (t) can be developed by implementation

of the following steps:

Dynamics of Single-Degree-of-Freedom (SDF) Systems

145



Part 1 - Structural Dynamics — The Basics

1. Numerically define the ground acceleration ii,(t); typically, the ground motion ordinates are defined
every 0.02 sec.

2. Select the natural vibration period T and damping ratio ¢ of an SDF system.

3. Compute the deformation response u(t) of this SDF system due to the ground motion ii,(t) by any of
the numerical methods.

4. Determine u,, the peak value of u(t).
5. The spectral ordinates are D = u,, V = (2n/T)D, and A = (2n/T)?D.
6. Repeat steps 2 to 5 for a range of T and ¢ values covering all possible systems of engineering interest.

7. Present the results of steps 2 to 6 graphically to produce three separate spectra or a combined
spectrum.

Solved Example: Application of Response Spectrato SDF Systems

A 12-ft-long vertical cantilever, a 4-in.-nominal-diameter standard steel pipe, supports a 5200-lb weight
attached at the tip as shown in Figure below. The properties of the pipe are: outside diameter, d, =
4.5 in., inside diameter d; = 4.026 in., thickness t = 0.237 in., and second moment of cross-sectional
area, I = 7.23 in*, elastic modulus E = 29,000 ksi, and weight = 10.79 lb/foot length. Determine the
peak deformation and bending stress in the cantilever due to the El Centro ground motion. Assume that
& =2%.
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